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G-SYMMETRIC SPECTRA, SEMISTABILITY AND THE MULTIPLICATIVE
NORM
MARKUS HAUSMANN
Abstract. In this paper we develop the basic homotopy theory of G-symmetric spectra (that
is, symmetric spectra with a G-action) for a finite group G, as a model for equivariant stable
homotopy with respect to a G-set universe. This model lies in between Mandell’s equivariant
symmetric spectra and the G-orthogonal spectra of Mandell and May and is Quillen equiva-
lent to the two. We further discuss equivariant semistability, construct model structures on
module, algebra and commutative algebra categories and describe the homotopical properties
of the multiplicative norm in this context.
0. Introduction
Stable equivariant homotopy theory has seen various applications both in equivariant and
non-equivariant topology. Many of these applications make use of constructions which require
or are simplified by a highly structured model of equivariant spectra with a point-set level smash
product. For example, model structures on module or (commutative) algebra categories allow
one to employ algebraic techniques in order to obtain new equivariant spectra with desired
properties, fixed points of commutative equivariant ring spectra form non-equivariant E∞-ring
spectra and their homotopy groups inherit the structure of a Tambara functor. Another example
is the construction of the spectrum level multiplicative norm introduced in [HHR16], which plays
a central role in the solution of the Kervaire invariant one problem.
The first highly structured models for stable equivariant homotopy theory were the SG-
modules and G-orthogonal spectra of [MM02] and the equivariant symmetric spectra of [Man04].
While the first two can be formed over arbitrary compact Lie groups, the latter only works for
finite groups. In turn it has the advantage that it can also be based on simplicial sets, whereas
the other two need topological spaces.
In this paper we develop a further model we call G-symmetric spectra. It also requires the
group to be finite and can be based both on simplicial sets and topological spaces. Conceptually,
it lies in between Mandell’s equivariant symmetric spectra and G-orthogonal spectra. In order to
describe the difference, we have to recall the definitions. G-orthogonal spectra are formed with
respect to aG-representation universe which determines what kinds of representation spheres SV
become invertible in the homotopy category. Then, roughly speaking, a G-orthogonal spectrum
X consists of a family of based G-spaces X(V ) for every finite dimensional subrepresentation
V of the chosen universe, together with structure maps of the form X(V ) ∧ SW → X(V ⊕W ).
In addition, every X(V ) possesses an action of the orthogonal group O(V ) which is suitably
compatible with the G-action and the structure maps. G-orthogonal spectra formed with respect
to different universes are connected by so-called change of universe functors. It was noticed in
[MM02, V, Thm. 1.5] that on the point-set level these are always equivalences of categories
(though the derived functors are not). In other words, the underlying category does not really
depend on the chosen G-representation universe, while the weak equivalences do. Furthermore,
every such category ofG-orthogonal spectra is equivalent to the category ofG-objects in ordinary
non-equivariant orthogonal spectra. In short, the reason for this phenomenon is that the values
X(V ) can be reconstructed from those on trivial representations together with the orthogonal
group actions. While this observation can be misleading in terms of the homotopy theory, it is
very useful from a categorical viewpoint. For example, it is now clear how to define restriction
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to subgroups, induction, fixed point and orbit functors on the point set level and it only remains
to examine with respect to which model structures (or weak equivalences) they can be derived,
in order to obtain corresponding functors between the homotopy categories. A further example
for such a functor is the multiplicative norm of [HHR16] mentioned earlier.
For Mandell’s equivariant symmetric spectra (an equivariant version of the symmetric spectra
of [HSS00]) the situation is somewhat different. There, a normal subgroup N of G is fixed and
a GΣG/N -spectrum is defined as a family of based (G × Σn)-simplicial sets X(n × G/N) for
all natural numbers n, connected by structure maps X(n × G/N) ∧ SG/N → X((n + 1) ×
G/N). The category of such spectra models the stable theory with respect to the universe of
G-representations on which N acts trivially (in particular the case N = 1 models the genuine
theory). At first sight this looks similar to G-orthogonal spectra, replacing G-representations
by G-sets and orthogonal groups by symmetric groups. But if N is a proper subgroup of G,
then X(n × G/N) does not have an action of the full symmetric group of n × G/N , but only
of the subgroup of block permutations of the copies of G/N . Furthermore, it does not contain
evaluations at trivial G-sets. Taken together, this results in the categories for varying N being
pairwise non-equivalent, and only if N is equal to G the category of GΣG/N -spectra is equivalent
to the category of G-objects in non-equivariant symmetric spectra. As a consequence, to quote
[Man04], “the construction of these [change of universe, change of groups, fixed point and
orbit] functors and their relationship is significantly more complicated for equivariant symmetric
spectra than it is for equivariant orthogonal spectra.” The norm is not discussed in [Man04].
Another simplicial set model for the G-equivariant stable homotopy category was introduced
by Dundas, Østvær and Ro¨ndigs in [DRØ03]. It is given by the G-enriched functor category
from finite G-simplicial sets to all G-simplicial sets, an equivariant generalization of Lydakis’
model for the stable homotopy category [Lyd98]. By evaluating at spheres, every such spectrum
gives rise to a G-symmetric spectrum in our sense below. The paper [DRØ03] does not contain
a treatment of the norm and genuine commutative multiplications.
G-symmetric spectra. We now come to the content of this paper. We consider the category
of G-symmetric spectra, which are the direct symmetric analog of G-orthogonal spectra. The
category is always that of G-objects in the non-equivariant symmetric spectra introduced in
[HSS00]. Parallel to the orthogonal case, these already secretly inherit evaluations at arbitrary
finite G-sets. Which of these evaluations are declared homotopically meaningful in the model
structure is based on a G-set universe U , i.e., a countably infinite G-set which is isomorphic to
the disjoint union of two copies of itself. The R-linearization R[U ] of such a G-set universe is
then a G-representation universe and we show:
Theorem (Model structures, Theorems 4.7, 4.8, 7.4 and 7.7). For every finite group G and every
G-set universe U there exists a model structure on G-symmetric spectra of spaces and simplicial
sets, which is Quillen equivalent to the G-orthogonal spectra of [MM02] formed with respect to
the G-representation universe R[U ]. If U is an infinite disjoint union of orbits G/N for a fixed
normal subgroup N of G, the model structure is also Quillen equivalent to the GΣG/N -spectra
of [Man04].
It can happen that two non-isomorphic G-set universes become isomorphic when linearized
and hence model the same homotopy theory. This leads to various different model structures
with equivalent homotopy categories. For example, the N -fixed G-equivariant stable homotopy
category can be modeled by a G-set universe consisting of infinitely many copies of the G-orbit
G/N , which is the closest approximation to [Man04], as noted above. But the disjoint union
UG(N) of infinitely many copies of all orbits G/H with N ≤ H leads to an equivalent theory
and often has technical advantages, in particular for understanding the homotopical properties
of the norm discussed below.
The central notion for these model structures is that of a GU -stable equivalence (Definition
2.31), whose description is more complicated than in the orthogonal case. This is due to the
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phenomenon of semistability, which we say more about below. Around these GU -stable equiva-
lences we construct two kinds of model structures, a projective one generalizing the stable model
structure in [HSS00] and analogous to the one on G-orthogonal spectra constructed in [MM02];
and a flat one, which is an equivariant generalization of the one constructed in [Shi04] and the
analog of the model structures of [Sto11] on G-orthogonal spectra. The flat cofibrations do not
depend on U , for symmetric spectra of simplicial sets they are just the morphisms which are
non-equivariant flat cofibrations if one forgets the G-action. In Section 5 we explain how these
model structures can be used to derive change of universe, change of groups, fixed point and
orbit functors.
Multiplicative properties. In Section 6 we deal with the multiplicative properties of our
model structures. We show that they are monoidal (Proposition 6.1), that they lift to categories
of modules and algebras (Corollary 6.5) and that positive versions lift to the categories of
commutative algebras (Theorem 6.15). For this we use the machinery of [SS00] and [Whi17].
Non-equivariantly, a major step in the proof of the existence of model structures on commutative
algebras is that given a positive flat symmetric spectrum X , the maps (EΣn)+ ∧Σn X
∧n →
X∧n/Σn, collapsing EΣn to a point, are stable equivalences for all n. This is also the case
equivariantly, but the G-equivariant generalization of EΣn which is needed depends on the
universe with regard to which the stable equivalences are formed (Proposition 6.20). Only if the
G-set universe is trivial one can use an EΣn with trivial G-action. As remarked in [HHR16],
this was overlooked in [MM02].
The appearance of the EΣn’s with non-trivial G-action requires the study of the homotopical
properties of the multiplicative norm NGH of [HHR16], which is also interesting in its own right.
While the rest of the paper works with respect to arbitrary G-set universes, we here need to
restrict to the full N -fixed ones with respect to a normal subgroup N of G contained in H ,
denoted UG(N), and show:
Theorem (Homotopical properties of the norm, Theorem 6.8). The norm functor NGH : HSp
Σ →
GSpΣ takes HUH(N)-stable equivalences between H-flat H-symmetric spectra to GUG(N)-stable
equivalences of G-flat G-symmetric spectra.
In fact, the projective model structures satisfy an even stronger compatibility property with
respect to the norm (Theorem 6.7), but the compatibility with the flat model structures is partic-
ularly relevant for understanding the derived norm on commutative H-symmetric ring spectra.
This is because an H-symmetric spectrum underlying an H-flat commutative H-symmetric ring
spectrum is H-flat (this is the equivariant analog of the “convenience” property of the flat model
structure discussed in [Shi04]), with the projective analog of that statement being false. So the
theorem above shows that the derived norm of a commutative H-symmetric ring spectrum is
equivalent as a G-symmetric spectrum to the derived norm of the underlying H-symmetric spec-
trum (Corollary 6.17). In [HHR16], where they work with a projective model structure, this
issue needs to be addressed differently (cf. [HHR16, Sec. B.8]).
Equivariant semistability. Finally, this paper also contains a discussion of equivariant semista-
bility: In Section 3 we define the equivariant homotopy groups of a G-symmetric spectrum,
depending on the G-set universe U . Just like for G-orthogonal spectra, they carry a natural
structure of a Mackey functor (with the amount of transfers depending on U , cf. [Lew95]).
However, equivariant homotopy groups of symmetric spectra are not as well-behaved, as a sta-
ble equivalence does not induce isomorphisms on them in general. In the non-equivariant case,
this phenomenon is captured by a natural action of the monoid of injective self-maps of the
natural numbers on the homotopy groups of a symmetric spectrum, which detects whether the
“naively defined” homotopy groups coincide with the derived ones ([Sch08]). For G-symmetric
spectra a similar action exists by the monoid of equivariant self-injections of the chosen universe
U , and we show that it detects equivariant semistabiliy and enjoys similar properties to the
non-equivariant one.
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Remark. The stable model structures on G-symmetric spectra for varying G can be combined
to a new model structure on the category of (non-equivariant) symmetric spectra, which models
global equivariant homotopy theory for finite groups in the sense of Schwede [Sch18]. This was
another motivation for this project and is carried out in [Hau15].
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1. G-spaces and G-simplicial sets
1.1. Elementary definitions and notation. Let G be a finite group. Throughout this paper
a topological space means a compactly generated weak Hausdorff space, so that the category of
topological spaces becomes closed symmetric monoidal with respect to the cartesian product.
We begin by fixing some notation.
Definition 1.1. We write GT∗ for the category of based G-spaces, and GS∗ for the category of
based G-simplicial sets. The geometric realization functor GS∗ → GT∗ is denoted by |.| and its
right adjoint singular complex GT∗ → GS∗ by S. It follows from adjointness that |.| commutes
with G-orbits and S commutes with G-fixed points. Moreover, since |.| commutes with all finite
limits, it also preserves G-fixed points.
Example 1.2 (Representation spheres). Given a finite dimensional real G-representation V ,
its one-point compactification is denoted SV and called the representation sphere of V . For
another G-representationW there is a canonical G-homeomorphism SV⊕W ∼= SV ∧SW sending
a pair (v, w) to v ∧ w and the basepoint to the basepoint.
For a finite G-set M , we further let SM stand for the simplicial set given by the M -fold
smash product of S1 = ∆1/∂∆1, with G-action permuting the smash factors. Fixing a based
homeomorphism |S1| ∼= S1 = SR induces a G-homeomorphism |SM | = SR[M ] for all finite
G-sets M .
Definition 1.3 (Mapping spaces). Given two based G-spaces/simplicial sets X and Y we write
map(X,Y ) for the space/simplicial set of not necessarily equivariant based continuous maps
with conjugation G-action, and mapG(X,Y ) for the subspace of equivariant maps.
Remark 1.4. These definitions give two enrichments of GT∗, one over GT∗ itself with mapping
spaces map(−,−) with conjugation G-action and one over T∗ using mapG(−,−). Likewise, GS∗
is enriched over GS∗ and S∗.
Definition 1.5 (Change of groups). Given a subgroup H ≤ G, we write resGH : GT∗ → HT∗
and resGH : GS∗ → HS∗ for the associated restriction functors. The left adjoint induction
functors are denoted G⋉H −, the right adjoint coinduction functors by mapH(G,−).
The double coset formula, which will be used throughout this paper, gives a decomposition
of an induction followed by a restriction. Given a finite group G and two subgroups H and K,
we let K\G/H denote the set of double cosets, i.e., equivalence classes of G under the K ×H
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action given by (k, h) · g = kgh−1. Then for every based H-space/H-simplicial set X there is a
natural K-equivariant decomposition
resGK(G⋉H X)
∼=
∨
[g]∈K\G/H
K ⋉K∩gHg−1 (c
∗
g(res
G
g−1Kg∩HX)).
Here, c∗g stands for restriction along the conjugation isomorphism g
−1(−)g : K ∩ gHg−1 →
g−1Kg ∩ H . On the summand belonging to a double coset representative g, the isomorphism
above is the adjoint of the K∩gHg−1-equivariant map c∗g(res
H
g−1Kg∩HX)→ res
G
K∩gHg−1X given
by multiplication with g.
Likewise, there is the following decomposition of coinduction followed by restriction:
(1.1) resGK(mapH(G,X))
∼=
∏
[g]∈K\G/H
mapK∩gHg−1 (K, c
∗
g(res
G
g−1Kg∩HX)).
Furthermore, induction and coinduction are related by a natural transformation
γX : G⋉H X → mapH(G+, X),
which is adjoint to the H-map X → mapH(G+, X) sending x to the function which maps g to
gx if g is contained in H and the basepoint otherwise.
1.2. Genuine model structure. We review certain model structures on based G-spaces and
based G-simplicial sets, starting with the genuine model structure. For the notions of non-
equivariant Serre and Kan fibrations and model category terminology we refer to the textbooks
[Qui67], [Hir03] or [Hov99].
A map of based G-spaces or based G-simplicial sets is called a genuine G-equivalence (genuine
G-fibration) if for all subgroupsH of G the fixed point map fH : XH → Y H is a weak homotopy-
equivalence (respectively Serre/Kan fibration). It is called a genuine G-cofibration if it has the
left lifting property with respect to all maps that are simultaneously genuine G-equivalences
and genuine G-fibrations, which in the simplicial case is equivalent to being levelwise injective.
These classes define a proper, cofibrantly generated and monoidal model structure, with sets
of generating cofibrations IG and acyclic cofibrations JG given by smashing their respective
standard non-equivariant versions I and J with G/H+ for all subgroups H ≤ G.
Throughout the paper we will use the expression cofibrant G-space to mean a based topological
G-space or G-simplicial set which is cofibrant in the genuine model structure above. These are
precisely the retracts of IG-cell complexes. Every G-simplicial set is cofibrant. Furthermore, by
a finite cofibrant G-space we will mean a retract of a finite IG-cell complex.
Example 1.6. All representation spheres SV for a finite dimensional G-representation V are
cofibrant. For linearizations of finite G-sets this follows from the simplicial description above,
for general V it is a consequence of a result of Illman [Ill78].
1.3. Model structures with respect to a family of subgroups. The later treatment of
spectra will show the need for other model structures on G-spaces and G-simplicial sets where
weak equivalences are those G-maps that induce weak homotopy equivalences only on fixed
points for a chosen set of subgroups of G, more precisely for a family of subgroups.
Definition 1.7. Let G be a finite group. A non-empty set of subgroups of G is called a family
if it is closed under conjugation and passage to subgroups.
Families of the following type are of particular importance to us:
Example 1.8. Let G and K be two finite groups. Then the family of subgroups of G×K which
intersect 1×K trivially is denoted by FG,K . Every such subgroup is of the form {(h, ϕ(h)) | h ∈
H} for a unique subgroup H of G and group homomorphism ϕ : H → K.
Given a family F , we let EF denote a universal G-space for F , i.e., an (unbased) cofibrant
G-space with the property that the H-fixed points for a subgroup H are contractible if H is
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in F and empty otherwise. We call a G-simplicial set universal for F (and also denote it EF)
if its geometric realization is a universal G-space for F .
Definition 1.9 (F -equivalence). A G-map f : X → Y of based G-spaces or based G-simplicial
sets is called an F-equivalence if for all subgroups H of G that lie in F the fixed point map
fH : XH → Y H is a weak homotopy equivalence, or equivalently if EF+ ∧ f is a genuine
G-equivalence.
Equivalently, using an equivariant Whitehead theorem (cf. [Ada84, Prop. 2.7]), a map of
based G-spaces is an F -equivalence if and only if map(EF+, f) is a genuine G-equivalence. We
say that a based G-space X is F-local if the canonical map X → map(EF+, X) is a genuine
G-equivalence, and a based G-simplicial set is F -local if its geometric realization is.
The class of F -equivalences takes part in two model structures. For this we define:
Definition 1.10. A map f : X → Y of based G-spaces/G-simplicial sets is called a
• projective F-cofibration if it is a genuine G-cofibration where all the points away from
the image of f have isotropy in F .
• projective F-fibration if it induces a Serre/Kan fibration fH : XH → Y H for all H ∈ F .
• mixed F-fibration if it has the right lifting property with respect to all maps that are
genuine cofibrations and F -equivalences.
Proposition 1.11 (Projective model structure). Let G be a finite group and F a family of sub-
groups. Then the classes of projective F-cofibrations, F-equivalences and projective F-fibrations
assemble to a proper, cofibrantly generated, monoidal and G-topological (G-simplicial) model
structure on based G-spaces (G-simplicial sets), called the projective F-model structure.
Here and below, G-topological or G-simplicial is meant with respect to the genuine model
structure of the previous section. The projective model structure is cofibrantly generated by the
subsets IFG,proj of IG and J
F
G,proj of JG of the maps of the form G/H+ ∧ f with H an element
of F .
Proposition 1.12 (Mixed model structure). Let G be a finite group and F a family of subgroups.
Then the classes of genuine G-cofibrations, F-equivalences and mixed F-fibrations assemble to
a proper, cofibrantly generated, monoidal and G-topological (G-simplicial) model structure on
based G-spaces (G-simplicial sets), called the mixed F-model structure.
The mixed model structure can be obtained from the genuine model structure by applying
Bousfield’s localization theorem [Bou01, Thm. 9.3] with respect to the replacement αX : X →
map(EF+, Xf), where (−)f is a genuine fibrant replacement functor (e.g. the identity for based
G-spaces and S(|.|) for based G-simplicial sets). By the characterization of fibrations in [Bou01],
it follows that the fibrant objects are precisely the genuinely G-fibrant and F -local G-spaces or
G-simplicial sets, and that the mixed model structure is cofibrantly generated with the previous
IG as generating cofibrations and
JFG,mix ··= {jα | j ∈ JG} ∪ JG
as generating acyclic cofibrations. Here, α is the inclusion EF+ → C(EF)+ into the cone and
 denotes the pushout-product.
2. G-symmetric spectra
In this section we introduceG-symmetric spectra, explain various point-set level constructions
and define level model structures.
2.1. Definitions.
Definition 2.1 (Symmetric spectrum). A symmetric spectrum X of spaces or simplicial sets
consists of
• a based Σn-space/Σn-simplicial set Xn and
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• a based structure-map σn : Xn ∧ S1 → Xn+1
for all n ∈ N. This data has to satisfy the condition that for all n,m ∈ N the iterated structure
map
σmn : Xn ∧ S
m ∼= (Xn ∧ S
1) ∧ Sm−1
σn∧S
m−1
−−−−−−→ Xn+1 ∧ S
m−1 → . . .
σn+m−1
−−−−−→ Xn+m
is Σn × Σm-equivariant. Here, the Σn × Σm-action on Xn ∧ Sm is the smash product of the
Σn-action on Xn and the Σm-action on S
m as the permutation sphere for the natural Σm-set
m ··= {1, . . . ,m}. The action on Xn+m is induced from the inclusion Σn × Σm → Σn+m which
arises from disjoint union and the bijection n ⊔m ∼= n+m that sends each k in n to itself and
each l in m to n+ l.
A map of symmetric spectra f : X → Y is a sequence of based Σn-equivariant maps fn :
Xn → Yn such that fn+1 ◦ σ
(X)
n = σ
(Y )
n+1 ◦ (fn ∧ S
1) for all n ∈ N.
We denote the category of symmetric spectra over spaces or simplicial sets by SpΣ
T
or SpΣS ,
respectively. In statements that make sense over both categories we sometimes simply write
SpΣ and mean they hold in either of them.
Definition 2.2 (G-symmetric spectrum). Let G be a finite group. A G-symmetric spectrum of
spaces or simplicial sets is a symmetric spectrum together with a G-action via automorphisms
of symmetric spectra, or equivalently a functor G → SpΣ
T
or G → SpΣS . A morphism of G-
symmetric spectra is a morphism of symmetric spectra that commutes with the given G-actions.
We denote the categories of G-symmetric spectra by GSpΣ
T
and GSpΣS .
Equivalently, a G-symmetric spectrum is a symmetric spectrum X together with a G-action
on each level Xn which commutes with the Σn-action and for which all structure maps σn :
Xn ∧ S1 → Xn+1 are G-equivariant for the trivial action on S1.
Example 2.3 (Suspension spectra). Let A be a based G-space (G-simplicial set). Then the
suspension spectrum of A, denoted Σ∞A, has (Σ∞A)n ··= A ∧ S
n as its n-th level where the
(G × Σn)-action is the smash product of the G-action on A and the permutation Σn-action
on Sn. The structure map is the associativity homeomorphism
(A ∧ Sn) ∧ S1 ∼= A ∧ (Sn ∧ S1) ∼= A ∧ Sn+1.
Taking A to be S0 with trivial G-action yields the sphere spectrum Σ∞S0, which we also denote
by S.
The categoriesGSpΣ
T
and GSpΣS have all limits and colimits and these are computed levelwise,
cf. [HSS00, Prop. 1.2.10].
2.2. Evaluation on finite G-sets and generalized structure maps. For the homotopy
theory of G-symmetric spectra it is essential that they can be evaluated on finite G-sets, which
we now explain.
Let M be a finite G-set of order m. We denote by Bij(m,M) the discrete space or simplicial
set of bijections between the sets m = {1, . . . ,m} and M . It possesses a right Σm-action by
precomposition and a left ΣM -action by postcomposition.
Definition 2.4 (Evaluation). The evaluation of a G-symmetric spectrum X on a finite G-set
M is defined by
X(M) ··= Xm ∧Σm Bij(m,M)+
··= Xm ∧ Bij(m,M)+/{(σx, f) ∼ (x, fσ), σ ∈ Σm}
with diagonal G-action g[x ∧ f ] ··= [gx ∧ gf ].
Since Bij(m,M) is free and transitive as a right Σm-set, any choice of bijection from m to
M gives rise to a non-equivariant isomorphism from Xm to X(M). In particular, X(m) is
canonically isomorphic to Xm. However, the G-action on X(M) is usually different from that
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on Xm. It is twisted by the G-set structure onM , which corresponds to a group homomorphism
from G into ΣM . In particular, the G-action on X(M) depends on the Σm-action on Xm.
Evaluation is functorial in isomorphisms of finite sets. Given any bijective map ϕ : M → N
we obtain an induced isomorphism X(ϕ) : X(M) → X(N) by sending [x ∧ f ] to [x ∧ (ϕ ◦ f)].
This isomorphism is in general only G-equivariant if ϕ is.
Example 2.5. Let A be a based G-space or G-simplicial set, M a finite G-set. Then the map
(Σ∞A)(M) → A ∧ SM that sends a class [(a ∧ x) ∧ f ] to a ∧ f∗(x) is a G-isomorphism for the
diagonal action on the target.
Example 2.6. Let G be the symmetric group Σn and M be the natural Σn-set n, X any
symmetric spectrum with trivial Σn-action. Then X(n) is canonically isomorphic to Xn but
now carries the Σn-action coming from the data of the underlying symmetric spectrum. In
contrast, evaluating at {1, . . . , n} with trivial Σn-action yields Xn with trivial action.
These evaluations are connected by so-called generalized structure maps. Let G be a finite
group, M and N two finite G-sets of orders m and n, respectively, and X a G-symmetric
spectrum. We further choose a bijection ψ : n
∼=
−→ N .
Definition 2.7 (Generalized structure map). The map
σNM : X(M) ∧ S
N → X(M ⊔N)
([x ∧ f ] ∧ s) 7→ [σnm(x ∧ ψ
−1
∗ (s)) ∧ (f ⊔ ψ)]
is called the generalized structure map of M and N .
It is straightforward to check:
Lemma 2.8. The generalized structure map does not depend on the choice of bijection ψ : n
∼=
−→
N . Furthermore, it is G-equivariant for the diagonal G-action on X(M) ∧ SN .
Here, the second statement is a consequence of σnm being (Σm × Σn)-equivariant.
Remark 2.9. In fact we will also need the generalized structure map in the situation where G
acts on M ⊔ N but not necessarily in a way such that M and N are preserved by G. In this
case G does not act on X(M)∧SN , but it acts on the wedge over all X(α(M))∧S(M⊔N)−α(M)
for injections M →֒M ⊔N (cf. Section 2.4). The map from this wedge to X(M ⊔N) obtained
via the various generalized structure maps is then G-equivariant.
2.3. Functors on G-symmetric spectra. The following functors on equivariant symmetric
spectra are obtained by applying the respective space-level functors degreewise with suitably
defined structure maps (see [HSS00, Def. 1.2.9] on how to prolong enriched space-level functors
to functors on symmetric spectra):
• The trivial action functor SpΣ → GSpΣ with its left adjoint G-orbits (−)/G and its
right adjoint G-fixed points (−)G.
• The smash product A ∧ − for a based G-space/G-simplicial set A and its right adjoint
map(A,−).
• The restriction functor resGH : GSp
Σ → HSpΣ for a subgroupH ≤ G with its left adjoint
G⋉H − and its right adjoint mapH(G,−).
• The geometric realization functor |.| : GSpΣS → GSp
Σ
T
with right adjoint singular com-
plex S : SpΣ
T
→ SpΣS .
An important functor which does not arise through a levelwise construction is the following:
Definition 2.10 (Shift). The shift along a finite G-set M is defined by (shMX)n ··= X(M ⊔n)
with Σn acting through n. The structure map
σn : (sh
MX)n ∧ S
1 = X(M ⊔ n) ∧ S1 → X(M ⊔ n+ 1) = (shMX)n+1
is the generalized structure map σ1M⊔n of X .
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For all G-sets M there is a natural map αMX : S
M ∧ X → shMX given in level n by the
composite
SM ∧Xn ∼= Xn ∧ S
M σ
M
n−−→ X(n ⊔M)
X(τn,M )
−−−−−→ X(M ⊔ n) = (shMX)n.
Here, the notation X(τn,M ) stands for the G-map induced from the symmetry isomorphism
τn,M of the G-sets n ⊔M and M ⊔ n.
Definition 2.11 (Enrichments). Given G-symmetric spectra X and Y , we write mapSpΣ(X,Y )
for the space/simplicial set and Hom(X,Y ) for the symmetric spectrum of not necessarily equi-
variant morphisms, cf. [HSS00, Sec. 1.3 and Def. 2.2.9]. Both carry a G-action by conjugation,
with fixed points mapGSpΣ(X,Y ) respectively HomG(X,Y ).
Definition 2.12 (Smash product). The category of G-symmetric spectra inherits a symmetric
monoidal product by forming the smash product of the underlying non-equivariant spectra (cf.
[HSS00, Sec. 2]) and giving it the diagonal G-action. For a fixed G-symmetric spectrum X , the
functor − ∧X is left adjoint to HomG(X,−).
2.4. Free G-symmetric spectra and G-symmetric spectra as enriched functors. For
every finite G-set M the evaluation functors −(M) : SpΣ
T
→ GT∗ and −(M) : SpΣS → GS∗ have
left adjoints called free G-symmetric spectra, which we now describe.
Given two finite sets M and N we set
Σ(M,N) =
∨
α:M →֒N
SN−α(M),
where N −α(M) is the complement of the image of α in N . This comes with two group actions:
a right one by ΣM via precomposition on the indexing set of injective maps and identities
on the spheres and a left one by ΣN where an element σ ∈ ΣN maps a sphere SN−α(M)
associated to α : M →֒ N to the one associated to σα : M →֒ N via the induced action of
σ|N−α(M) : N − α(M) → N − (σα)(M). In the case where M and N are G-sets, we can pull
back this (ΣN × Σ
op
M )-action to get a conjugation action by G on Σ(M,N).
For another finite set K there is a composition map
◦ : Σ(M,N) ∧Σ(N,K)→ Σ(M,K)
defined via the formula (α;x)◦ (β; y) ··= (βα;β(x)∧y). These composition maps are associative,
unital (with respect to the identity in Σ(M,M) ∼= Bij(M,M)+) and G-equivariant. We obtain
categories called GΣT and GΣS , enriched over based G-spaces and based G-simplicial sets,
respectively. The objects are finite G-sets and the morphisms between M and N are Σ(M,N).
We write GT∗ to denote the category of G-spaces enriched over themselves via the mapping
spaces map(−,−), and similarly GS∗ in the simplicial case. Every G-symmetric spectrum X
of spaces or simplicial sets gives rise to a GT∗-enriched functor GΣT → GT∗ (respectively
GS∗-enriched functor GΣS → GS∗) in the following way: A finite G-set M is sent to X(M),
the evaluation of X on M . The map Σ(M,N)→ map(X(M), X(N)) is the adjoint of
X(M) ∧Σ(M,N) −→ X(N)
x ∧ (α; y) 7→ X(α ⊔ i)(σ
N−α(M)
M (x ∧ y)).
Here, X(α ⊔ i) is the isomorphism X(M ⊔ (N − α(M))) ∼= X(N) induced from α ⊔ i : M ⊔
(N − α(M))→ N in the way described in Section 2.2 and we have made use of the generalized
structure maps σ
N−α(M)
M in the sense of Remark 2.9.
In fact, it is possible to show that this construction defines an equivalence from the category of
G-symmetric spectra to the category ofGT∗-enriched functors FunGT∗(GΣT, GT∗) (respectively
GS∗-enriched functors FunGS∗(GΣS , GS∗)). The inverse functor is the restriction to trivial G-
sets {1, . . . , n} and the sphere associated to the inclusion {1, . . . , n} →֒ {1, . . . , n+ 1}.
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Definition 2.13 (Free G-symmetric spectra). Let A be a based G-space/G-simplicial set and
M a finite G-set. The free G-symmetric spectrum on A in level M is denoted by FMA and
defined via
(FMA)n ··= A ∧Σ(M,n)
with diagonal G-action and Σn-action through Σ(M,n). The structure map is the composition
A ∧Σ(M,n) ∧ S1 →֒ A ∧Σ(M,n) ∧Σ(n, n+ 1)
A∧◦
−−−→ A ∧Σ(M,n+ 1).
When it is unclear with respect to which finite group the free spectrum is formed, we
write F
(G)
M A.
Proposition 2.14 (Adjunction between free spectra and evaluation). Let M be a finite G-set,
A a based G-space (or based G-simplicial set) and Y a G-symmetric spectrum. Then the natural
map mapSpΣ(FMA, Y ) → map(A, Y (M)) that sends a (not necessarily equivariant) morphism
of symmetric spectra f : FMA→ Y to the composite
A ∼= A ∧ {idM}+ →֒ A ∧ Σ(M,M) ∼= (FMA)(M)
f(M)
−−−→ Y (M)
is a G-isomorphism.
Viewing G-symmetric spectra as an enriched functor category, this is a consequence of the
enriched Yoneda Lemma.
As described in Section 2.2, the evaluation of a G-symmetric spectrum on a G-set M carries
a ΣM -action in addition to the G-action and the two assemble to a (G⋉ΣM )-action (where the
semi-direct product is formed with respect to the conjugation G-action on ΣM ). Thus, −(M)
can be thought of as a functor to (G ⋉ ΣM )T∗ or (G ⋉ ΣM )S∗. This functor also has a left
adjoint, which in the case of G-orthogonal spectra first appeared in Stolz’s thesis [Sto11, Def.
2.2.14].
Definition 2.15 (Semi-free G-symmetric spectra). Let M be a finite G-set and A a based
(G ⋉ ΣM )-space/(G⋉ ΣM )-simplicial set. We recall that the natural ΣM -action turns M into
a (G ⋉ ΣM )-set. Then the semi-free G-symmetric spectrum on A, denoted GMA, is defined as
the quotient of the (G⋉ΣM )-spectrum F
(G⋉ΣM )
M A by the action of the normal subgroup ΣM .
As advertised we have:
Proposition 2.16 (Adjunction between semi-free spectra and evaluation). For A a based
(G ⋉ ΣM )-space/(G ⋉ ΣM )-simplicial set and Y a G-symmetric spectrum there is a natural
isomorphism mapGSpΣ(GMA, Y )
∼= mapG⋉ΣM (A, Y (M)).
Proof. The adjunction isomorphism is given by the composition
mapGSpΣ(GMA, Y )
∼= map(G⋉ΣM )SpΣ(F
(G⋉ΣM )
M A, Y )
∼= mapG⋉ΣM (A, Y (M)). 
There is a more concrete description of GM (A) in levels of the form M ⊔N , where it is given
by (G ⋉ ΣM⊔N ) ⋉G⋉(ΣM×ΣN ) (A ∧ S
N). In addition, all evaluations at G-sets of order less
than |M | are given by a point. In Section 6 we will use repeatedly that the smash product of
a G-symmetric spectrum X with a semi-free G-symmetric spectrum Gm(A) can be described
explicitly in the following way:
(Gm(A) ∧X)k ∼=
{
∗ for k < m
Σm+n ⋉Σm×Σn (A ∧Xn) for k = m+ n
This can be checked via the universal properties of the smash product and semi-free spectra.
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2.5. Latching spaces and the skeleton filtration of a map. Every morphism ofG-symmetric
spectra f : X → Y can be factored as a countable composite
(2.1) X = F−1[f ]
j0[f ]
−−−→ F 0[f ]
j1[f ]
−−−→ F 1[f ]
j2[f ]
−−−→ . . . −→ Y,
which builds Y out of X “one dimension at a time”. This factorization is important for stating
the model structures in Section 2.6 and for proving the lifting property axioms in them.
The spectra Fn[f ] together with maps in[f ] : F
n[f ]→ Y are constructed inductively. We set
F−1[f ] = X and i−1[f ] = f . Now we fix an n ≥ 0 and assume that F
n−1[f ] and in−1[f ] have
already been defined. We denote the n-th level of Fn−1[f ] by Ln[f ] and call it the n-th latching
space of f . It comes with a Σn-map νn[f ] to Yn, the effect of in−1[f ] in level n. Then F
n[f ] is
defined as the pushout
Gn(Ln[f ])
εFn−1[f]
//
Gn(νn[f ])

Fn−1[f ]
jn[f ]

Gn(Yn) εFn[f]
// Fn[f ].
The map in[f ] is induced by in−1[f ] and the counit Gn(Yn) → Y . The map in[f ] : Fn[f ] → Y
induces an isomorphism in degrees ≤ n and so the sequence (2.1) stabilizes in every fixed degree
and converges to Y . We write LnY and νnY for the latching spaces and maps of the unique
map ∗ → Y .
The connection to model structures comes from the following lemma:
Lemma 2.17. Let f : X → Y and g :W → Z be morphisms of G-symmetric spectra such that
for all n ≥ 0 the (G × Σn)-map νn[f ] : Ln[f ] → Yn has the left lifting property with respect to
gn :Wn → Zn. Then f has the left lifting property with respect to g.
Proof. Using the adjunction between semi-free spectra and evaluation, the assumption is equiva-
lent to Gn(νn[f ]) having the left lifting property with respect to g for all n. But by the properties
of the skeleton filtration above, f can be obtained from these by pushouts and countable com-
position, which preserve the left lifting property. 
2.6. Level model structures. In this section we construct various level model structures on
the categories of G-symmetric spectra of spaces and simplicial sets. Precisely, for every G-set
universe U we describe a projective and a flat (or S-) model structure, in positive and non-
positive versions. As mentioned in the introduction, the former is a variant of the level model
structure of G-orthogonal spectra of [MM02] and the level model structure of [Man04], and the
latter is a generalization of the non-equivariant flat model structure by Shipley [Shi04] and a
translation from the one on G-orthogonal spectra by Stolz [Sto11].
From now on we fix a G-set universe U , i.e., a countably infinite G-set which is isomorphic to
the disjoint union of two copies of itself. Up to non-canonical isomorphism, such a G-set universe
is always of the form
⊔
H∈C(N×G/H) for a non-empty set of subgroups C which becomes unique
if one requires it to be closed under conjugation.
We recall from Example 1.8 that FG,Σn is the family of subgroups of G × Σn that intersect
1× Σn only in the neutral element. Elements of this family correspond to pairs consisting of a
subgroup H of G and a group homomorphism α : H → Σn. We denote by F
G,Σn
U the subfamily
of FG,Σn corresponding to those pairs (H,α) such that n equipped with the H-set structure
through α allows an H-embedding into U . The level model structures on G-symmetric spectra
are constructed out of the projective and mixed model structures associated to these families for
varying n (cf. Section 1.3). We start with the non-positive versions, the positive modifications
are explained in the paragraph preceding Proposition 2.28.
Definition 2.18. A morphism f : X → Y of G-symmetric spectra is called a
• GU -level equivalence if for all n ∈ N the (G × Σn)-map fn : Xn → Yn is an F
G,Σn
U -
equivalence.
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• GU -projective (resp. GU -flat) level fibration if for all n ∈ N the (G × Σn) -map fn :
Xn → Yn is a projective (resp. mixed) F
G,Σn
U -fibration.
• GU -projective (resp. G-flat) cofibration if for all n ∈ N the latching map
νn[f ] : Ln[f ]→ Yn
is a projective FG,ΣnU -cofibration (resp. genuine G-cofibration).
The class of GU -level equivalences (and that of projective GU -level fibrations) has a different
description that motivates its definition:
Lemma 2.19. Let f : X → Y be a morphism of G-symmetric spectra. Then the following are
equivalent:
(1) The map f is a GU -level equivalence (resp. GU -projective level fibration).
(2) For all subgroups H of G and all finite H-subsets M ⊂ U the H-map f(M) : X(M)→
Y (M) induces a weak homotopy-equivalence (resp. Serre/Kan fibration) on H-fixed
points.
By applying it to all subgroups of H with the restricted action onM , one can also replace the
second condition by requiring f(M) to be a genuine H-equivalence (resp. genuine H-fibration)
for all finite H-subsets M ⊂ U .
Proof. Given an H-subset M ⊂ U of order m, any choice of bijection M ∼= m defines a homo-
morphism ϕ : H → Σm and a natural isomorphism X(M)H ∼= X
Γ(ϕ)
m , where Γ(ϕ) ≤ G× Σm is
the graph of ϕ which by assumption lies in FG,ΣnU . This shows that (1) implies (2). The other
direction is similar. 
In another common definition of level equivalence of G-spectra, for example in the translation
of the model structure in [MM02] to the symmetric context, one only requires f(M) to be an
equivalence on H-fixed points for H-sets M that are restrictions of G-sets. This is more natural
if one views G-symmetric spectra as enriched functor categories as explained in Section 2.4. The
stronger notion we use has the advantage that for a subgroup H of G the restriction functor
from G-symmetric spectra to H-symmetric spectra preserves fibrations and weak equivalences
and thus becomes a right Quillen functor. For G-orthogonal spectra, this stronger version is
also used in [Sto11, Def. 2.3.5]; and its positive one appears in [HHR16, Sec. B.4.].
Furthermore, we want to note the following convenient properties of cofibrations of G-
symmetric spectra of simplicial sets:
Remark 2.20. Let f : X → Y be a morphism of G-symmetric spectra of simplicial sets. Then
the following hold:
(i) f is a G-flat cofibration if and only if it is a non-equivariant flat cofibration.
(ii) If U is a complete G-set universe (i.e., if every finite G-set can be embedded into it), then
f is a GU -projective cofibration if and only if it is a non-equivariant projective cofibration.
We now proceed to proving the model category axioms. By definition, the classes of GU -
projective/GU -flat cofibrations, fibrations and GU -level equivalences are formed out of the re-
spective classes for the projective/mixed FG,ΣnU -model structures in each dimension. We use a
more general proposition that is - together with its proof - close to [Sch18, Appendix C].
We first define:
Definition 2.21 (Consistency condition). For every n ∈ N let Mn be a model structure on based
(G× Σn)-spaces/(G× Σn)-simplicial sets. The collection of model structures {Mn}n∈N is said
to satisfy the consistency condition if for all m,n ∈ N and every acyclic cofibration f : A→ B
in Mm the pushout of the (G × Σn)-map f ∧Σm Σ(m,n) along an arbitrary (G × Σn)-map
g : A ∧Σm Σ(m,n)→ X is a weak equivalence in Mn.
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In particular, the consistency condition holds if the functors
− ∧Σm Σ(m,n) : (G× Σm)T∗ → (G× Σn)T∗
(or their simplicial analogs) are left Quillen functors, in which case we say that the Mn satisfy
the strong consistency condition.
The following proposition says that given the consistency condition is satisfied, the model
structures Mn assemble to a level model structure on G-symmetric spectra.
Proposition 2.22 (Level model structures). Let {Mn}n∈N be a collection of model structures
on based (G×Σn)-spaces or based (G×Σn)-simplicial sets, satisfying the consistency condition.
Call a map f : X → Y of G-symmetric spectra a level weak equivalence (level fibration) if for
all n ∈ N the map fn is an Mn-weak-equivalence (Mn-fibration) and a level cofibration if for
all n ∈ N the latching morphism νn[f ] : Ln[f ]→ Yn is an Mn-cofibration.
Then these classes define a model structure on G-symmetric spectra. If all model structures
Mn are right proper, then so is this model structure. If all model structures Mn are left proper
and satisfy the strong consistency condition, then this model structure is also left proper.
The purpose of the consistency condition lies in the following:
Lemma 2.23. Let f : X → Y be a morphism of G-symmetric spectra such that all latching
maps νn[f ] are acyclic cofibrations in the respective model structures Mn. Then f is an acyclic
cofibration of G-symmetric spectra.
Proof. We only have to show that f is a weak equivalence since it is a cofibration by definition.
As we saw in Section 2.5, each component fn is a finite composition of pushouts of
(Gm(νm[f ]))n = νm[f ] ∧Σm Σ(m,n)
for m ≤ n. These maps are by the assumption on f and the consistency condition weak
equivalences, hence so is fn. 
Proof of Proposition 2.22. G-symmetric spectra have all limits and colimits and these are con-
structed levelwise. It follows from the respective properties in the model structures Mn that
weak equivalences possess the 2-out-of-3 property and that weak equivalences and fibrations are
closed under retracts. The n-th latching map is a functor on the arrow category and thus turns
retract diagrams into retract diagrams and so the retract of a cofibration is also one.
Using that the definition of the n-th latching space of a morphism only depends on the first n
levels of the source and the first n−1 levels of the target, we can inductively apply factorizations
in the model categories Mn to obtain spectrum level factorizations of the form
(i) f = p ◦ i, where i is a cofibration and p is an acylic fibration.
(ii) f = p′ ◦ i′, where i′ has the property that all latching maps νn[i
′] are acyclic cofibrations
in the respective Mn and p
′ is a fibration. In particular, by Lemma 2.23, such an i′ is an
acyclic cofibration.
The lifting properties then follow from Lemma 2.17, once we see that every acyclic cofibration
f has the property that each latching map νn[f ] is an acyclic cofibration in Mn. For this we
factor f = p′ ◦ i′ as in item (ii) above. Since i′ and f are weak equivalences, so is p′. Since f is
in particular a cofibration, it follows that f is a retract of i′ (cf. [HSS00, Prop. 3.2.4]), which
proves the claim.
Finally, the statement about right properness follows directly from the definition, while for
left properness one first has to note that the strong consistency condition implies that all com-
ponents fn of a level cofibration f are cofibrations in the respective model structure Mn. 
Hence we need to check that the projective and mixed model structures on (G×Σn)T∗ and
(G× Σn)S∗ satisfy the consistency condition. Since the two share the same weak equivalences,
it suffices to prove:
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Proposition 2.24. The mixed model structures with respect to the families FG,ΣnU satisfy the
strong consistency condition.
Proof. For m > n the required condition holds trivially since in that case Σ(m,n) = ∗. Other-
wise, we write n = m+ k with k ≥ 0. The map
Σm+k ⋉Σk S
k −→ Σ(m,m+ k)
(σ, x) 7→ (σ|m; (σ|k)∗(x))
is a (Σm+k ×Σ
op
m )-equivariant isomorphism. Thus, the functor −∧Σm Σ(m,m+ k) is naturally
isomorphic to Σm+k⋉Σm×Σk (−∧S
k). Hence, it sends genuine (G×Σm)-cofibrations to genuine
(G× Σm+k)-cofibrations.
For acyclic cofibrations, it is enough to show the case of topological spaces. It suffices to
check the property on the set of generators J
FG,ΣmU
G,mix introduced in Section 1.3. Every map in
this set is a FG,ΣmU -equivalence between (G×Σm)-CW complexes. Hence the statement follows
by putting A = Sk in Lemma A.1.
Finally, since a map of (G × Σm)-simplicial sets is an F
G,Σm
U -equivalence and genuine cofi-
bration if and only if its geometric realization is, the simplicial case follows from the topological
one. 
Hence, we obtain:
Corollary 2.25 (Flat level model structure on G-symmetric spectra). The classes of G-flat
cofibrations, GU -flat level fibrations and GU -level equivalences define a proper model structure
on the category of G-symmetric spectra of spaces or simplicial sets.
As well as:
Corollary 2.26 (Projective level model structure on G-symmetric spectra). The classes of GU -
projective cofibrations, GU -projective level fibrations and GU -level equivalences define a proper
model structure on the category of G-symmetric spectra of spaces or simplicial sets.
In the projective case the left properness does not directly follow from Proposition 2.22, but it
is a consequence of the left properness of the flat level model structure, since every GU -projective
cofibration is also a G-flat cofibration and the weak equivalences are the same.
It follows from the adjunction between (semi-)free spectra and evaluation that the flat and
the projective U-level model structures on G-symmetric spectra are cofibrantly generated with
(2.2) I levU ,fl ··= {Gn(i) | n ∈ N, i ∈ IG×Σn}
and
(2.3) J levU ,fl ··= {Gn(j) | n ∈ N, j ∈ J
FG,ΣnU
G×Σn,mix
},
respectively
(2.4) I levU ,proj ··= {G⋉H (F
(H)
M (i)) | H ≤ G, M ⊂H U , i ∈ IH}
and
(2.5) J levU ,proj ··= {G⋉H (F
(H)
M (j)) | H ≤ G, M ⊂H U , j ∈ JH}
as generating cofibrations and acyclic cofibrations.
Remark 2.27. By adjunction, all free G-symmetric spectra FMA are G-flat, provided that A is
cofibrant in the topological case. If M is contained in U they are also GU -projective. Similarly,
the semi-free G-spectra GMA for cofibrant (G ⋉ ΣM )-spaces A are G-flat. Whether they are
GU -projective depends on the isotropy of A and U .
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As in the non-equivariant case, in order to obtain model structures on the category of com-
mutative G-symmetric ring spectra, we need a positive variant of these level model structures.
It is obtained via Proposition 2.22 by replacing the genuine model structure M0 on based G-
spaces/G-simplicial sets in level 0 by the one where the cofibrations are the isomorphisms and
the weak equivalences and fibrations are arbitrary maps. It is immediate that these also satisfy
the consistency condition and so we get:
Proposition 2.28 (Positive level model structures). The classes of positive G-flat (positive GU -
projective) cofibrations, positive GU -flat (resp. positive GU -projective) fibrations and positive
GU -level equivalences form a proper cofibrantly generated model structure on the category of
G-symmetric spectra.
One obtains generating (acyclic) cofibrations by leaving out the maps of the form G∅(−) and
F∅(−) in the generating (acyclic) cofibrations of their non-positive analogs described above.
We further have the following, where  denotes the pushout product with respect to the
smash product of G-symmetric spectra:
Proposition 2.29. Let i : A → B and j : C → D be two maps of G-symmetric spectra. Then
the following hold:
• If i and j are G-flat (GU -projective) cofibrations, then so is the pushout product ij. If
either i or j is positive, then the pushout product is also positive.
• If i is a G-flat cofibration and GU -level equivalence and j is a G-flat cofibration, then
ij is also a GU -level equivalence.
• If i is a positive G-flat cofibration and positive GU -level equivalence and j a G-flat
cofibration, then ij is a GU -level equivalence.
Proof. It suffices to show each of these on generating (acyclic) cofibrations. The first one
follows from the natural isomorphisms FM (f)FN (g) ∼= FM⊔N (fg) and Gn(f)Gm(g) ∼=
Gm+n(Σn+m ⋉Σn×Σm (fg)) and the fact that the respective model structures on equivariant
spaces are closed symmetric monoidal. So do the other two in the projective case. In the
flat case we need Lemma A.1 in addition, which guarantees that Σn+m ⋉Σn×Σm (f ∧ X) is an
F
G,Σm+n
U -equivalence if X is a cofibrant (G×Σm)-space. This implies that the pushout product
Σn+m ⋉Σn×Σm (fg) is also one by 2-out-of-3. 
Corollary 2.30. The non-positive GU -flat and GU -projective level model structures are monoidal
with respect to the smash product of G-symmetric spectra.
The positive ones are not quite monoidal because the unit S is not positively cofibrant and
in general the map S+ ∧ X → X is not a positive GU -level equivalence, even if X is positive
cofibrant. This problem will disappear in the stable model structures.
Since the suspension spectrum functors GT∗ → GSpΣT and GS∗ → GSp
Σ
S are left Quillen with
respect to both the non-positive projective and flat model structures, Proposition 2.29 implies
that the positive and non-positive, flat and projective U-model structures are in particular based
G-topological (respectively based G-simplicial).
2.7. GUΩ-spectra and GU -stable equivalences. We now move towards the stable model
structure, beginning with the notion of an equivariant Ω-spectrum:
Definition 2.31 (GUΩ-spectra). A GU -projective level fibrant G-symmetric spectrum X is
called a GUΩ-spectrum if for all subgroups H of G and all finite H-subsets M and N of U the
adjoint generalized structure map induces a weak equivalence
(σ˜NM )
H : X(M)H → mapH(S
N , X(M ⊔N))
on H-fixed points. We say that a positively GU -projective level fibrant spectrum is a positive
GUΩ-spectrum if it satisfies the above condition except for the cases where M = ∅.
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Example 2.32. Let N be a finite G-set contained in U and A a cofibrant G-space. Then the
endofunctors shN and map(A,−) preserve (positive) GUΩ-spectra.
Corollary 2.33. If X is a GUΩ-spectrum, then so is ΩNshNX for any finite G-set N contained
in U and the natural map α˜NX : X → Ω
NshNX is a GU -level equivalence.
Corollary 2.34. For every GU -projective G-symmetric spectrum X the functor Hom(X,−)
preserves GUΩ-spectra. If X is G-flat, it preserves GU -flat level fibrant GUΩ-spectra.
We can now give the definition of the class of stable equivalences. We denote by γ : GSpΣ →
HoUlev the localization of GSp
Σ at the class of GU -level equivalences.
Definition 2.35 (GU -stable equivalence). A map f : X → Y of G-symmetric spectra is a
GU -stable equivalence if for all GUΩ-spectra Z the map
HoUlev(γ(f), Z) : Ho
U
lev(Y, Z)→ Ho
U
lev(X,Z)
is a bijection.
Making use of the level model structures we constructed, one can also characterize GU -stable
equivalences in the following way: Two maps of G-symmetric spectra f, g : X → Y are called
G-homotopic if they lie in the same path-component of the mapping space mapGSpΣ(X,Y ).
The set of G-homotopy classes of G-maps is denoted [X,Y ]G. Then by general model category
theory, a map f : X → Y is a GU -stable equivalence if and only if for any GU -flat level fibrant
GUΩ-spectrum Z and G-flat replacement f ♭ : X♭ → Y ♭ of f the induced map
[f ♭, Z]G : [Y ♭, Z]G → [X♭, Z]G
is a bijection.
Remark 2.36. Since GU -level equivalences are mapped to isomorphisms in the homotopy cat-
egory, they are in particular GU -stable equivalences. On the other hand, the Yoneda lemma
implies that everyGU -stable equivalence between GUΩ-spectra is already a GU -level equivalence.
Example 2.37. For a subgroup H of G and two finite H-subsets M and N of U we define
λ
(H)
M,N : F
(H)
M⊔NS
N → F
(H)
M S
0
to be the morphism ofH-spectra adjoint to the embedding SN →֒ Σ(M,M⊔N) = (F
(H)
M S
0)(M⊔
N) associated to the inclusion M →֒M ⊔N .
Then the induction G⋉H λ
(H)
M,N to G-symmetric spectra is a G
U -stable equivalence.
Proof. This follows from the fact that domain and target of G ⋉H λ
(H)
M,N are G-flat and that
G ⋉H λ
(H)
M,N corepresents the adjoint structure map X(M)
H → (ΩNX(M ⊔N))H , cf. [HSS00,
Ex. 3.1.10] for the non-equivariant analog. 
The notion of GU -stable equivalence behaves well under geometric realization and singular
complex:
Proposition 2.38 (Relation between spaces and simplicial sets). Both geometric realization |.|
and singular complex S preserve and reflect GU -stable equivalences.
Proof. This follows from the fact that the geometric realization and singular complex adjunction
induces an equivalence on level homotopy categories and that a G-symmetric spectrum of spaces
is a GUΩ-spectrum if and only if its singular complex is. 
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3. Naive homotopy groups, GU -semistability and the action of MUG
In this section we deal with “naive” equivariant homotopy groups of G-symmetric spectra.
This part is the main complication in the theory of G-symmetric spectra, because unlike for G-
orthogonal spectra a GU -stable equivalence must not necessarily induce isomorphisms on these,
hence the name “naive”. Nevertheless they are useful for two reasons: Firstly, the converse
is true, i.e., every map inducing an isomorphism on naive homotopy groups is a GU -stable
equivalence (Theorem 3.36) and for various morphisms it is easier to show that they induce
such an isomorphism than to check the rather abstract condition in the definition of a GU -
stable equivalence.
Secondly, there is a large class of G-symmetric spectra, called GU -semistable, on which the
two notions of equivalence agree. Several equivalent characterizations of semistability for non-
equivariant symmetric spectra were given in [HSS00, Sec. 5.6]. This theory was developed
further in [Sch08] (and later in [HH14], which deals with semistability in the context of A1-
homotopy theory), where it is shown that the naive homotopy groups carry a natural “tame”
action of the monoid of injective self-maps of the natural numbers and that a symmetric spectrum
is semistable if and only if this action is trivial. These criteria have equivariant analogs, in
particular there exists a tame action of the monoid of G-equivariant injective self-maps of the
chosen G-set universe U on the naive homotopy groups of G-symmetric spectra which detects
whether the naive homotopy groups are isomorphic to the derived ones (Corollary 3.35). The
notion of tameness and the relevant algebraic properties of such actions are given in Section 3.3.
Moreover, the naive equivariant homotopy groups of G-symmetric spectra naturally form a
GU -Mackey functor, like those of G-orthogonal spectra. This GU -Mackey functor structure is
compatible with the above monoid action.
3.1. Definition. We begin by defining the naive equivariant homotopy groups of a G-symmetric
spectrum and fix a G-set universe U . We denote by sG(U) the poset of finite G-subsets of U ,
partially ordered by inclusion.
Definition 3.1. Let n be an integer and H ≤ G a subgroup. The n-th H-equivariant homotopy
group πH,Un X of a G-symmetric spectrum of spaces X (with respect to U) is defined as
πH,Un X ··= colim
M∈sG(U)
[Sn⊔M , X(M)]H .
The connecting maps in the colimit system are given by the composites
[Sn⊔M , X(M)]H
(−)∧SN−M
−−−−−−−→ [Sn⊔M⊔(N−M), X(M) ∧ SN−M ]H
(σN−MM )∗−−−−−−→ [Sn⊔N , X(N)]H
for every inclusionM ⊆ N . The last step implicitly uses the homeomorphismX(M⊔(N−M)) ∼=
X(N) induced from the canonical isomorphism M ⊔ (N −M) ∼= N .
To clarify what this means for negative n we choose an isometric G-embedding i : R∞ →֒
(R[U ])G and only index the colimit system over those elements M of sG(U) such that RM
contains i(R−n), in which case the corresponding term is given by [SM−i(R
−n), X(M)]H , the
expression M − i(R−n) denoting the orthogonal complement of i(R−n) in RM . Since any two
such embeddings are connected by a homotopy (in fact the space of embeddings is contractible)
the definition only depends on this choice up to canonical isomorphism and so we leave it out
of the notation.
If the number of G-orbits of M is larger than −n by at least two, the permutation sphere
Sn⊔M has at least two trivial coordinates and hence the set [Sn⊔M , X(M)]H has a natural
abelian group structure. Since such G-sets are cofinal in sG(U), this turns π
H,U
0 X into an
abelian group. For a G-symmetric spectrum of simplicial sets A we set πH,Un A ··= π
H,U
n |A|.
Example 3.2 (Homotopy groups of GUΩ-spectra). For every (positive) GUΩ-spectrum of
spaces X , every integer n, every subgroup H of G and every finite (non-empty) G-set M ⊂ U ,
for which i(R−n) ⊆ R[M ] if n is negative, the induced map [Sn⊔M , X(M)]H → πH,Un X is a
bijection.
18 MARKUS HAUSMANN
Proof. The connecting maps in the colimit system can also be described as first postcomposing
with the adjoint structure map X(M) → ΩN−MX(N) and then adjoining SN−M to the left.
Representation spheres allow the structure of G-CW complexes, so in the case of a (positive)
GUΩ-spectrum these connecting maps are (almost) all isomorphisms, which proves the claim. 
Definition 3.3 (πU∗ -isomorphism). A map f : X → Y of G-symmetric spectra is called a
πU∗ -isomorphism if for every subgroup H of G and every integer n ∈ Z the induced map
πH,Un (f) : π
H,U
n (X)→ π
H,U
n (Y )
is an isomorphism.
A (positive) GU -level equivalence induces a bijection on (almost) all terms in the colimit
system and so:
Lemma 3.4. Every (positive) GU -level equivalence is a πU∗ -isomorphism.
3.2. Suspension isomorphism, long exact sequences and the Wirthmu¨ller isomor-
phism. In this section we explain how naive homotopy groups behave under various construc-
tions. We begin with the suspension isomorphism:
Proposition 3.5. For every G-symmetric spectrum of spaces X and every finite dimensional
G-subrepresentation V of R[U ] the adjunction unit X
ηX
−−→ ΩV (SV ∧ X) and counit ǫX : SV ∧
(ΩVX)→ X are πU∗ -isomorphisms.
Proof. The proof is similar to its non-equivariant analog, cf. [Sch07, Ex. I.2.16], so we will
be brief. In the case of the unit, by adjunction, we have to prove that the suspension maps
SV ∧ (−) : [Sn⊔M , X(M)]G → [SV ∧Sn⊔M , SV ∧X(M)]G induce an isomorphism on the colimit
over sG(U) (and similarly for all subgroups H of G). Injectivity is obvious, since smashing with
representation spheres is part of the connecting maps in the colimit system. For surjectivity
we let M be a finite G-subset of U and f : SV ∧ Sn⊔M → SV ∧ X(M) a G-map. We pick a
finite G-subset N ⊆ U (disjoint to M) and an embedding j : V → R[N ] and denote by g the
G-map Sn⊔M ∧ SV → X(M) ∧ SV obtained by pre- and postcomposing f with the symmetry
isomorphisms shifting SV to the correct position. Then the map SV ∧ g differs from f ∧ SV
(as maps SV ∧ Sn⊔M ∧ SV → SV ∧ X(M) ∧ SV ) by pre- and postcomposing with the twist
automorphism of SV ∧ SV . In general, these twists do not cancel each other out and so SV ∧ g
is not always G-homotopic to f ∧ SV , but they do become so after smashing with another copy
of SV ∧ SV (since any two transpositions in Σ4 act G-homotopically on (SV )∧4, so both twists
can be replaced with the interchanging of the two new SV factors, which do cancel). Thus the
element represented by
σNM ◦ (g ∧ S
N−j(V )) : Sn⊔M⊔N = Sn⊔M ∧ SV ∧ SN−j(V ) → X(M ⊔N)
is an inverse image of the class of f , and so the induced map is surjective
The proof for the counit is similar. 
Since for any G-set universe U the linearization R[U ] always allows an embedding of the trivial
R∞ (even if no trivial G-sets embed into U), the above proposition in particular applies for all
trivial representations. By adjunction, the groups πH,Un (Ω(S
1 ∧X)) can be naturally identified
with πH,Un+1(S
1 ∧X) and so we see that there is a natural isomorphism πH,Un X
∼= π
H,U
n+1(S
1 ∧X)
for all subgroups H of G and n ∈ Z.
One uses this to construct long exact sequences in naive homotopy groups. The mapping
cone C(f) and the homotopy fiber H(f) of a map f : X → Y of G-symmetric spectra (as well
as the associated natural maps i(f) : Y → C(f), q(f) : C(f)→ S1 ∧X , j(f) : ΩY → H(f) and
p(f) : H(f)→ X) are defined levelwise.
Proposition 3.6. The following hold:
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(1) For every map f : X → Y of G-symmetric spectra of spaces and all subgroups H of G
the sequences
. . .→ πH,Un X
πH,Un f−−−−→ πH,Un Y
πH,Un i(f)−−−−−−→ πH,Un C(f)
πH,Un q(f)−−−−−−→ πH,Un (S
1 ∧X) ∼= π
H,U
n−1X → . . .
and
. . .→ πH,Un+1Y
∼= πH,Un (ΩY )
πH,Un j(f)−−−−−−→ πH,Un H(f)
πH,Un p(f)−−−−−−→ πH,Un X
πH,Un f−−−−→ πH,Un Y → . . .
are exact.
(2) Let f : X → Y be a morphism of G-symmetric spectra of spaces. Then the natural map
h : S1 ∧H(f)→ C(f) is a πU∗ -isomorphism.
(3) Let {Xi}i∈I be a family of G-symmetric spectra. Then for every subgroup H of G the
natural map
⊕
i∈I π
H,U
∗ Xi → π
H,U
∗
( ∨
i∈I Xi
)
is an isomorphism. Furthermore, for
finite I the natural map πH,U∗
(∏
i∈I Xi
)
→
∏
i∈I π
H,U
∗ Xi is an isomorphism and hence
the canonical morphism
∨
i∈I Xi →
∏
i∈I Xi is a π
U
∗ -isomorphism.
Proof. The proof is very similar to the one for the analogous statements in non-equivariant
symmetric spectra or orthogonal spectra, cf. [Sch07, Prop. I.4.7 and Cor. I.4.9] and [MMSS01,
Thm. 7.4]. 
Now we come to the Wirthmu¨ller isomorphism, which states that for a subgroup inclusion
H ≤ G the natural map γ from induction to coinduction (cf. Section 1.1) is a πU∗ -isomorphism,
provided that G/H allows an embedding into R[U ]. It was first proved for suspension spectra in
[Wir74], generalized to all H-spectra in [LMS86, Section II.6] and reproved in a different way in
[May03]. The statement in [LMS86] and [May03] is about the derived natural transformation in
the G-equivariant stable homotopy category. In the case of a complete G-universe an underived
version is given in [Sch11, Sec. 4], the main point being that one does not have to replace the
H-orthogonal spectrum X cofibrantly for the isomorphism to hold.
The version for G-symmetric spectra we present here is even more underived, as it involves
naive homotopy groups:
Proposition 3.7 (Wirthmu¨ller isomorphism). Let H ≤ G be a subgroup inclusion such that
G/H allows an embedding into R[U ] and X an H-symmetric spectrum of spaces or simplicial
sets. Then the natural map γX : G⋉H X → mapH(G,X) is a π
U
∗ -isomorphism.
Proof. I learned this proof from Stefan Schwede. We first prove the isomorphism in the case
where all evaluations of X at H-representations are cofibrant H-spaces, which already implies
the simplicial version. Under this assumption the morphism γY is levelwise an equivariant
cofibration, and it suffices to show that the strict quotientQ = mapH(G,X)/G⋉H(X) has trivial
homotopy groups. Evaluated at a finite G-set M , this quotient is given by NGH (X(M)), i.e., the
space-level norm with respect to the smash product, in the sense of Section 6.2. Furthermore,
given another finite G-set N , the structure map factors as
NGH(X(M))∧S
N id∧∆N−−−−→ NGH (X(M))∧N
G
H(S
N ) ∼= NGH (X(M)∧S
N)
NGH (σ
N
M )−−−−−→ NGH (X(M ⊔N)),
where the map ∆N : S
N → NGH(S
N ) is the diagonal. We claim that if R[N ] allows an embedding
of G/H , then the diagonal ∆N is G-equivariantly nullhomotopic. This implies that for any
subgroup K of G, infinitely many connecting maps in the colimit defining πK,U∗ (Q) are zero,
and hence the colimit is trivial. To see the claim, note that NGH (S
N ) is G-homeomorphic
to the sphere associated to the induced representation G ⋉H R[N ]. The G-fixed subspace of
G⋉H R[N ] is given precisely by the image of the H-fixed subspace of R[N ] under the diagonal.
By assumption, there exists a v ∈ R[N ] which is H-fixed but not G-fixed. This implies that
∆N (v) is a G-fixed point which does not come from a G-fixed point of R[N ], and hence the
inclusion of representation spheres is equivariantly nullhomotopic.
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To obtain the result for arbitrary H-symmetric spectra it suffices to show that a G-flat
replacement X♭ → X induces πU∗ -isomorphisms mapH(G,X
♭)→ mapH(G,X) and G⋉H X
♭ →
G⋉HX . The prior follows from the natural isomorphism π
G,U
∗ (mapH(G,X))
∼= π
H,U
∗ X and the
double coset decomposition of resGK(mapH(G,X)), so it remains to show the latter. Hence the
claim follows by the following lemma, for which it is not necessary to require that G/H embeds
into R[U ]. 
Lemma 3.8. The functor G ⋉H − maps πU∗ -isomorphisms of H-symmetric spectra to π
U
∗ -
isomorphisms of G-symmetric spectra.
Proof. Since G ⋉H − preserves cofiber sequences, the long exact sequence of Proposition 3.6
implies that it suffices to show that if an H-symmetric spectrum X has trivial homotopy groups,
then so does G⋉H X . We prove this by induction on the order of G, the induction start for the
trivial group being clear. Hence we take a finite group G, assume the statement shown for all
proper subgroups and fix an H-symmetric spectrum X with trivial homotopy groups. Now from
the double coset decomposition of resGK(G⋉H X) and the formula for the homotopy groups of a
wedge we see that all the groups πK,Un (G ⋉H X), where K is a proper subgroup, are trivial by
the induction hypothesis. So let f : Sn⊔M → G⋉H X(M) be a G-map, we have to show that it
represents the trivial element in πG,Un (G⋉HX). If H is equal to G the statement of the lemma is
trivial, so we can assume this not to be the case. But then the G-fixed points of G⋉HX(M) only
consist of the basepoint and hence f factors through a map f˜ : Sn⊔M/(Sn⊔M )G → G⋉HX(M).
Now the domain of f˜ is a finite based G-CW complex with all cells induced, and an induction
over the cells shows that any such map into a level of G⋉H X is stably trivial, since the groups
πK,U∗ (G⋉H X) vanish for proper subgroups K. This finishes the proof. 
We obtain a corollary:
Corollary 3.9. Let F be a family of subgroups of G, f : X → Y a morphism of G-symmetric
spectra which induces an isomorphism on πH,Un for all n ∈ Z and all H in F and A a cofibrant
G-space with non-basepoint isotropy contained in F . Then
(i) A ∧ f : A ∧X → A ∧ Y is a πU∗ -isomorphism.
(ii) If A is finite and X and Y are GU -projective level fibrant, map(A, f) : map(A,X) →
map(A, Y ) is a πU∗ -isomorphism.
Proof. This follows by an induction over the cells of A, using the natural isomorphisms G/H+∧
X ∼= G ⋉H resGHX and map(G/H+, X)
∼= mapH(G, res
G
HX) together with Lemma 3.8 and the
preceding paragraph. 
In particular, taking F to be the family of all subgroups, we see that smashing with any
cofibrant G-space preserves all πU∗ -isomorphisms, and so does map(A,−) for finite A (with the
fibrancy assumption above in the simplicial case).
Finally we obtain the following extension of Proposition 3.5:
Proposition 3.10. For every G-subrepresentation V of R[U ] the functors SV ∧ (−) and ΩV
preserve and reflect πU∗ -isomorphisms of G-symmetric spectra of spaces. Furthermore, a map
f : SV ∧X → Y is a πU∗ -isomorphism if and only if its adjoint f˜ : X → Ω
V Y is.
Proof. Since representation spheres allow the structure of a finite G-CW complex, this is a
formal consequence of Proposition 3.5 and Corollary 3.9. 
3.3. The monoid ring MUG. The universe U is kept in the notation of π
G,U
∗ for two reasons:
For once, as one would expect and as is also the case for G-orthogonal spectra, these homotopy
groups depend on the isomorphism type of U , for example taking U to be a trivial universe
will usually lead to different homotopy groups than for a complete universe. Secondly, if two
universes U ,U ′ are isomorphic, any such isomorphism ϕ : U ∼= U ′ induces a natural isomorphism
ϕ∗ : π
G,U
n
∼= πG,U
′
n , but this isomorphism does depend on the chosen ϕ. (We note, however, that
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the notion of πU∗ -isomorphism only depends on the isomorphism type of U .) This phenomenon,
which already occurs for non-equivariant symmetric spectra, is not present for G-orthogonal
spectra. It is encoded in an action of the monoid ring MUG, for which we now introduce the
relevant algebraic background. Everything here is a rather straightforward generalization of
[Sch08].
Definition 3.11 (Monoid of equivariant self-injections). The set InjG(U ,U) of G-equivariant
injective self-maps of U forms a monoid under composition. We denote the associated monoid
ring Z[InjG(U ,U)] by M
U
G.
Let M be a finite G-subset of U and A an MUG-module. Then we say that an element a of A
is of filtration M if every injection ψ which leaves M pointwise fixed satisfies ψ · a = a.
Definition 3.12 (Tame modules). An MUG-module A is called tame if every element a ∈ A is
of filtration M for some finite G-subset M of U .
Tame modules have the following property:
Lemma 3.13. Let A be a tame MUG-module. Then the following hold:
(i) If two injections ψ, ψ′ : U → U agree on a finite G-subset M of U , then ψ · a = ψ′ · a for
every element a ∈ A of filtration M .
(ii) Every element ψ ∈ InjG(U ,U) acts injectively on A.
Proof. (i): Let α : U ∼= U be a G-bijection which agrees with ψ and ψ′ on M . Then α−1 ◦ ψ
and α−1 ◦ ψ′ restrict to the identity on M and thus
ψ · a = α · ((α−1 ◦ ψ) · a) = α · a = α((α−1 ◦ ψ′) · a) = ψ′ · a
for every element a of filtration M .
Regarding (ii), let ψ be an injective self-map of U and a an element of A such that ψ · a = 0.
Since A is tame, the element a is of filtrationM for some finite G-subsetM ∈ U . Let α : U → U
be a G-bijection which agrees with ψ on M . Then, by (i), we have α · a = 0 and thus a =
α−1 · (α · a) = α−1 · 0 = 0 and hence ψ acts injectively. 
All G-embeddings ϕ : U →֒ U give rise to a conjugation ring homomorphism cϕ :MUG →M
U
G,
even if they are not surjective:
Definition 3.14 (Conjugation). The ϕ-conjugate of a G-embedding f : U →֒ U is defined as:
cϕ(f)(x) =
{
ϕ(f(ϕ−1(x))) if x ∈ im(ϕ)
x if x /∈ im(ϕ)
Any preimage ϕ−1(x) is unique if it exists, so the above is well-defined. Given an MUG-module
A we denote by c∗ϕA the same abelian group with M
U
G-action pulled back along cϕ. With this
definition the map A
ϕ·
−→ c∗ϕA becomes M
U
G-equivariant.
Definition 3.15 (Shift). LetM be a finite G-subset of U . Then a shift by M is a G-embedding
dM : U →֒ U with image the complement (U −M) of M .
The behavior of these shifts along finite G-sets is central to the theory of semistability (cf.
Section 3.6). The non-equivariant prototype is the map d : N→ N from [Sch08, Lem. 2.1, (iii)]
which sends i to i+ 1. Equivariantly, shifts in every isotypical direction contained in U need to
be considered. Since we prefer to work coordinate-free there is no canonical “shifting back by
one copy of M”, leading to the ambiguity in the definition above. However, any two shifts by
M only differ by precomposition with a unique G-automorphism.
By iteration one obtains a shift along the whole universe U . For this we choose a sequence
∅ = M0 ⊆ M1 ⊆ . . . ⊆ U of finite G-subsets of U whose union equals U , along with an
(Mn −Mn−1)-shift dMn−Mn−1 leaving Mn−1 fixed (for all n ∈ N). Then the composite dMn ··=
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dMn−Mn−1 ◦ dMn−1−Mn−2 ◦ . . . ◦ dM1 is a shift by Mn. Given an MUG-module A we define a new
MUG-module c
∗
dUA as the colimit of the sequence
A
dM1 ·
−−−→ c∗dM1A
dM2−M1 ·
−−−−−−→ c∗dM2A→ . . .→ c
∗
dMnA→ . . .
and denote the induced map A→ c∗dUA by d
U .
We then have:
Proposition 3.16 (Criteria for triviality). For a tame MUG-module A the following are equiv-
alent:
(i) The MUG-action on A is trivial.
(ii) All shifts along transitive G-subsets of U act surjectively on A.
(iii) All shifts along finite G-subsets of U act surjectively on A.
(iv) The map dU : A→ c∗dUA above is surjective.
(v) There exists a finite G-subset M of U such that every element of A is of filtration M .
Proof. For a (possibly countably infinite) sequence of injective maps the total composite is a
surjection if and only if each of the constituents is. Together with the uniqueness of shifts
up to precomposition with an automorphism this shows that conditions (ii), (iii) and (iv) are
equivalent. Moreover, it is immediate that (i) implies all the others.
The remaining implications are a consequence of:
Lemma 3.17. If an element a of A does not have filtration ∅ (i.e., if there exists an injection
U →֒ U which acts non-trivially on a) and dM : U →֒ U is a shift by M , then dM · a is not of
filtration M .
Proof. Let ψ : U →֒ U be an injection with ψ · a 6= a. Then, by the injectivity of dM · − we have
dM · a 6= dM · (ψ · a) = cdM (ψ) · (d
M · a)
and cdM (ψ) is an injection which pointwise fixes M . Hence, d
M · a is not of filtration M . 
Now this implies that if an element a is of filtrationM and not ∅, it cannot be in the image of
dM · − for any shift by M (because a premiage b would need to be of filtration ∅ by the lemma,
implying in particular that a = dM · b = b, which contradicts the fact that a is not of filtration
∅). Hence, (iii) implies (i).
Finally, (v) implies (i), because if there existed an element a not of filtration ∅, then dM · a
would not be of filtration M by the lemma, contradicting the assumption. 
Corollary 3.18. Every tame MUG-module which is finitely generated as an abelian group has
trivial action.
Proof. Let A be generated by a1, . . . , an. Then each ai is of filtrationMi for some finite G-subset
Mi of U , hence they are all of filtration ∪Mi, which is again finite. It follows that every element
of A is of filtration ∪Mi, so by item (v) in the previous proposition the action is trivial. 
3.4. Action of MUG on naive homotopy groups of G-symmetric spectra. Now we intro-
duce the action ofMUG on the naive homotopy groups of a G-symmetric spectrum. It suffices to
explain it in the case n = 0, since πH,Un X is canonically isomorphic to π
H,U
0 (Ω
nX) for n > 0 and
to πH,U0 (S
−n∧X) for n < 0 (cf. Proposition 3.5). So let α : U →֒ U be a G-equivariant injection
and x an element of πH,U0 X . Then x is represented by an H-equivariant map f : S
M → X(M)
for some finite G-subset M of U .
Definition 3.19. The element α · x ∈ πH,Un X is defined as the class of the composite
α∗f : S
α(M) S
α
−1
|M
−−−→ SM
f
−→ X(M)
X(α|M )
−−−−−→ X(α(M)),
i.e., the injection monoid MUG acts “through conjugation”.
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Remark 3.20. The construction also makes sense if α is an injectiveG-equivariant map between
two different (and possibly not even isomorphic) G-set universes U and U ′, inducing a map
α · (−) : πH,Un X → π
H,U ′
n X .
It is straightforward to check that the action does not depend on the chosen representative f ,
and that it is unital, associative, additive and natural. Furthermore, every element in πH,U0 X
represented by a map f : SM → X(M) is of filtration M in the sense of the previous section,
since by definition the action of an injection α on [f ] depends only on the restriction of α to M .
In particular, this implies that πH,U0 X is a tame M
U
G-module.
Remark 3.21. In order for an injection α : U →֒ U to act on πH,Un X it would suffice that it is
H-equivariant and not necessarily G-equivariant. However, since finite G-subsets are cofinal in
the poset of finite H-subsets of U , the action of MUH is trivial if and only if the one of M
U
G is
(cf. Proposition 3.16), and hence the latter is enough to detect semistability.
Definition 3.22 (Semistability). A G-symmetric spectrum X is called GU -semistable if the
action of MUG on π
H,U
n X is trivial for every subgroup H of G and every n ∈ Z.
We have:
Lemma 3.23. Every GUΩ-spectrum is GU -semistable.
Proof. Let X be a GUΩ-spectrum and n ∈ Z an integer. By Example 3.2 there exists a finite
G-subsetM of U such that the map [Sn⊔M , X(M)]H → πH,Un X is a bijection. In particular, it is
surjective and hence every element in πH,Un X is of filtration M . By criterion (v) of Proposition
3.16, this implies that the action of MUG is trivial. 
This already implies that if a G-symmetric spectrum X is not GU -semistable, there can-
not exist a πU∗ -isomorphism from X to a G
UΩ-spectrum. Conversely, in Corollary 3.32 and
Proposition 3.34 it is shown that every GU -semistable G-symmetric spectrum admits such a
πU∗ -isomorphism.
Finally, we note the following immediate consequence of Corollary 3.18:
Corollary 3.24. Every G-symmetric spectrum X for which all πH,Un X are finitely generated as
abelian groups is GU -semistable.
3.5. Mackey functor structure. It can be shown that for every n ∈ Z the collection πUnX =
{πH,Un X}H≤G of n-th naive homotopy groups of a G-symmetric spectrum X forms a (restricted)
Mackey functor, i.e., a coefficient system together with transfer maps for a certain class of
subgroup inclusions H ≤ K depending on the universe U or rather its linearization. Concretely
this means that there are
• contravariantly functorial restriction homomorphisms resKH : π
K,U
n X → π
H,U
n X for every
subgroup inclusion H ≤ K,
• covariantly functorial transfer homomorphisms trKH : π
H,U
n X → π
K,U
n X for every sub-
group inclusion H ≤ K such that K/H allows a K-embedding into R[U ], and
• transitive conjugation homomorphisms cg : πH,Un X → π
gHg−1 ,U
n X for every element
g ∈ G and subgroup H of G
such that inner conjugations act trivially, restrictions and transfers commute with conjugations
and the double coset formula holds. Furthermore, it can be shown that these structure maps
commute with the MUG-actions. Because we do not make use of the Mackey-functor structure
in this paper and it is similar to the one for G-orthogonal spectra (cf. [Sch11, Sec. 3 and 4]),
we do not describe its construction here.
3.6. Shift and relation to MUG-action. We now discuss the effect of the shift sh
M along
a finite G-set M (contained in U) on homotopy groups, or more precisely the effect of the
composite ΩMshM together with the natural transformation α˜M : id → ΩMshM of Definition
2.10. By adjunction, the n-th homotopy group πH,Un (Ω
MshMX) is naturally isomorphic to the
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colimit over the terms [Sn⊔M⊔N , X(M ⊔N)]H for all finite G-subsets N of U . Finite G-subsets
of the form M ⊔ N are cofinal in the G-set universe M ⊔ U , so we see that this colimit and
hence πH,Un (Ω
MshMX) is naturally isomorphic to πH,M⊔Un X . SinceM ⊔U is isomorphic to U , it
follows that the homotopy groups πH,Un X and π
H,U
n (Ω
MshMX) are abstractly isomorphic. This
already shows:
Corollary 3.25. The shift shM along any finite G-subset M ⊂ U preserves and reflects πU∗ -
isomorphisms.
Proof. By the (non-canonical) isomorphism of homotopy groups above, a map f : X → Y is
a πU∗ -isomorphism if and only if Ω
MshMf is. The latter is equivalent to shMf being one by
Proposition 3.10. 
However, the fact that the isomorphism πH,Un (Ω
MshMX) ∼= πH,Un X is not canonical (it de-
pends on a choice of isomorphism M ⊔ U ∼= U) should make one skeptical about whether such
an isomorphism is induced by α˜MX . In fact, while there is no canonical isomorphismM ⊔U
∼= U ,
there is of course a canonical G-equivariant embedding i : U →֒ M ⊔ U and it turns out that
this describes the effect of α˜MX on homotopy groups:
Proposition 3.26. The composite πH,Un X
(α˜MX )∗−−−−→ πH,Un (Ω
MshMX) ∼= πH,M⊔Un X equals the
action of the inclusion i : U →֒M ⊔ U , in the sense of Remark 3.20.
Proof. Let x ∈ πH,Un X be an arbitrary element, represented by an H-map f : S
n⊔N → X(N) for
some finite H-set N contained in U . Then i∗f is again f , with the only difference of thinking of
N as now sitting inside M ⊔U . In order to compare it to an element of πH,Un (Ω
MshMX) under
the isomorphism above, we have to suspend this element by M , i.e., form the composition
Sn⊔N ∧ SM
f∧SM
−−−−→ X(N) ∧ SM
σMN−−→ X(N ⊔M)
X(χN,M)
−−−−−−→ X(M ⊔N).
But, by the definition of α˜MX , after adjoining S
M to the right this is precisely the composition
Sn⊔N
f
−→ X(N)
(α˜MX )(N)−−−−−−→ ΩMX(M ⊔N) = (ΩMshMX)(N)
and thus i · x = [i∗f ] = [α˜MX (N) ◦ f ] = α˜
M
X (x). 
This proposition can be translated into a statement about the internal action of MUG on
πH,Un X , where it corresponds to the algebraic shift discussed in Definition 3.15. For this we
choose a “shift by M”, i.e., an embedding dM : U →֒ U with image U − M . In particular
we obtain an isomorphism idM ⊔ dM : M ⊔ U
∼=
−→ U of G-set universes and hence a natural
isomorphism πH,Un (Ω
MshMX) ∼= πH,M⊔Un X ∼= π
H,U
n X . This isomorphism is notM
U
G-equivariant
in general, but it becomes so when conjugating the action on πH,Un X along d
M in the sense of
Definition 3.14:
Proposition 3.27. The above defines an MUG-isomorphism
πH,Un (Ω
MshMX) ∼= c∗dM (π
H,U
n X).
Moreover, the composition πH,Un X
α˜MX−−→ πH,Un (Ω
MshMX)
∼=
−→ c∗dM (π
H,U
n X) equals multiplication
with dM .
Proof. Under the isomorphism πH,Un (Ω
MshMX) ∼= πH,M⊔Un X the M
U
G-action on the former
corresponds to the MM⊔UG -action on the latter pulled back along the homomorphism idM ⊔− :
MUG →M
M⊔U
G , sinceM is left untouched. The equality (idM ⊔d
M )◦ iU = dM implies that after
conjugation with idM ⊔ dM this homomorphism becomes cdM , and so the action on π
H,U
n X is
pulled back along cdM as claimed. The second statement is then an immediate consequence of
Proposition 3.26. 
Applying Lemma 3.13 and Proposition 3.16 on algebraic properties of tameMUG-modules, we
obtain the following corollaries:
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Corollary 3.28. The map α˜MX : X → (Ω
MshMX) is a πU∗ -isomorphism if and only if d
M (and
hence every shift by M) acts surjectively on πH,Un X for all subgroups H of G and all n ∈ Z.
Corollary 3.29. A G-symmetric spectrum X is GU -semistable if and only if the map α˜MX :
X → ΩMshMX is a πU∗ -isomorphism for every finite G-subset M of U and if and only if
αMX : S
M ∧X → shMX is a πU∗ -isomorphism for every finite G-subset M of U .
The last “if and only if” follows from Proposition 3.10.
Corollary 3.30. Let F be a family of subgroups of G, A a cofibrant G-space with non-basepoint
isotropy in F and X a G-symmetric spectrum such that MUG acts trivially on π
H,U
∗ X for all H
in F . Then A ∧ X is GU -semistable. If A is finite and X is GU -projective level fibrant, then
map(A,X) is also GU -semistable.
Proof. This follows from Corollaries 3.29 and 3.9, since A ∧ (−) commutes both with SM ∧ (−)
and shM (−) and map(A,−) commutes with ΩMshM (−). 
Corollary 3.31. If X is GU -semistable, then so is shNX for any finite G-subset N of U .
Proof. The shift shN(−) commutes up to natural isomorphism with shM (−) and SM ∧ (−), so
this also follows from Corollaries 3.29 and 3.25. 
We now introduce the endofunctor ΩUshU on G-symmetric spectra (together with a natural
transformation α˜U : id → ΩUshU ), the equivariant analog of the construction called R∞ in
[HSS00, Thm. 3.1.11]. It serves two purposes for us: First, we show that for all GU -semistable
G-symmetric spectra X the G-symmetric spectrum ΩUshUX is a GUΩ spectrum and the map
α˜UX is a π
U
∗ -isomorphism, proving that G
U -semistable G-symmetric spectra can be replaced by
GUΩ-spectra up to πU∗ -isomorphism. Secondly, via an equivariant version of the proof of [HSS00,
Thm. 3.1.11], it is used to show that every πU∗ -isomorphism is a G
U -stable equivalence.
We choose an exhaustive filtration ∅ = M0 ⊆ M1 ⊆ . . . ⊆ Mn ⊆ . . . ⊆ U of U by finite
G-subsets. For a G-symmetric spectrum of spaces X we then define ΩUshUX as the mapping
telescope of the sequence
X = ΩM0shM0X → ΩM1shM1X → ΩM2shM2X → . . .
with induced natural map α˜UX : X → Ω
UshUX . The connecting maps in the system are given
by
ΩMnshMnX
ΩMn α˜
(Mn+1−Mn)
shMnX−−−−−−−−−−−−→ ΩMnΩMn+1−MnshMn+1−MnshMnX ∼= ΩMn+1shMn+1X.
The effect on homotopy groups of this construction corresponds to the infinite shift below
Definition 3.15 (applied degreewise to MUG-Mackey functors), whose terminology we now use.
So for every n ∈ N we choose an (Mn − Mn−1)-shift d
M : U →֒ U leaving Mn−1 fixed. By
composition we obtainMn-shifts d
Mn , inductively defined via dM = dMn−Mn−1 ◦dMn−1 . Making
use of Proposition 3.27 we see that there is an isomorphism of sequences
πUnX
//
id

πUn (Ω
M1shM1X) //
∼=

πUn (Ω
M2shM2X) //
∼=

. . .
πUnX
dM1 ·
// c∗
dM1
(πUnX)
dM2−M1 ·
// c∗
dM2
(πUnX) // . . .
of MUG-modules. In particular, it follows that the map (α˜
U
X)∗ : π
H,U
n X → π
H,U
n (Ω
UshUX) can
be identified with dU : πH,Un X → c
∗
dU (π
H,U
n X) and via Proposition 3.16 we obtain:
Corollary 3.32. The map α˜UX : X → Ω
UshUX is a πU∗ -isomorphism if and only if X is G
U -
semistable.
Now we want to show that if X is GU -semistable, then ΩUshUX is a GUΩ-spectrum. For
this we need:
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Lemma 3.33. (i) For every G-symmetric spectrum of spaces X, every subgroup H of G and
every two finite H-sets L and M there is a natural bijection
[SL, (ΩUshUX)(M)]H ∼= π
H,U
0 (Ω
LshMX)
Moreover, given another finite H-subset N of U disjoint to M , the square
πk((Ω
UshUX)(M)H)
(σ˜NM )∗
//
∼=

πk((Ω
N (ΩUshUX)(M))H)
∼=

πH,Uk (sh
MX)
(α˜N
shMX
)∗
// πH,Uk (Ω
NshM⊔NX)
commutes, where the vertical isomorphisms are those obtained by setting L = k respectively
L = N ⊔ k.
(ii) For every GUΩ-spectrum of spaces X, the map α˜UX : X → Ω
UshUX is a GU -level equiva-
lence.
Proof. The first part follows by a chain of adjunctions, the second is a consequence of Corollary
2.33 and the fact that looping with respect to a G-set preserves GU -level equivalences. 
Proposition 3.34. If X is GU -semistable, then ΩUshUX is a GUΩ-spectrum.
Proof. Let H be a subgroup of G and M,N two finite disjoint H-subsets of U . Since X is
GU -semistable, so is shMX by Corollary 3.31 and hence the map α˜NshMX is a π
U
∗ -isomorphism.
Now Lemma 3.33 implies that in this case the adjoint structure map σ˜NM : (Ω
UshUX)(M) →
ΩN (ΩUshUX)(M⊔N) induces a bijection on all homotopy groups at the basepoint of theH-fixed
points.
We are not yet done because we have not shown anything about the homotopy groups at
elements of (ΩUshUX)(M)H which lie in other components. For this we take some n ∈ N
such that Mn is not the empty set. Then (Ω
UshUX) is G-homotopy equivalent to the mapping
telescope only taken over the terms ΩMishMiX for i ≥ n. From n on all the maps in the
system are of the form ΩMifi for some map fi, in particular all the maps are loop maps with
respect toMn. Since Ω
Mi commutes with mapping telescopes up to weak equivalence, we obtain
that ΩUshUX is GU -level equivalent to Ω of some spectrum. So since R[Mn] contains a trivial
summand, the levels obtain a group-like H-space structure and the adjoint structure map is an
H-space homomorphism, which finishes the proof. 
Together with Lemma 3.23 and Corollary 3.32 this gives:
Corollary 3.35. A G-symmetric spectrum allows a πU∗ -isomorphism to a G
UΩ-spectrum if and
only if it is GU -semistable.
3.7. Relation to GU -stable equivalences. We are now ready for:
Theorem 3.36. Every πU∗ -isomorphism of G-symmetric spectra is a G
U -stable equivalence.
Proof. By Proposition 2.38 it suffices to show the topological case. The proof is an equivariant
analog of the argument in [HSS00, Thm. 3.1.11]. So let f : X → Y be a π∗-isomorphism.
By Corollary 3.25 we know that all shifts shMf along finite G-subsets M of U are also π∗-
isomorphisms. So by Lemma 3.33 (and the same argument as in the proof of Proposition 3.34
to deal with the non-basepoint components) we see that ΩUshUf is a GU -level equivalence and
in particular a GU -stable equivalence.
We claim that this implies that f is a GU -stable equivalence, too: The functors ΩMishMi
preserve GU -level equivalences and hence so does their mapping telescope ΩUshU . Therefore,
we obtain a functor
ΩUshU : HoUlev(GSp
Σ
T
)→ HoUlev(GSp
Σ
T
)
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and a natural transformation α˜ : idHoUlev(GSpΣT) → Ω
UshU . Let γ : GSpΣ
T
→ HoUlev(GSp
Σ
T
) be
the projection. In the following we abbreviate HoUlev(GSp
Σ
T
) by HoUlev. We have to show that
HoUlev(f, Z) is a bijection for all G
UΩ-spectra Z. We consider the composite
HoUlev(X,Z)
ΩUshU
−−−−→ HoUlev(Ω
UshUX,ΩUshUZ)
α˜∗X−−→ HoUlev(X,Ω
UshUZ),
and similarly for Y . It sends a morphism φ : X → Z to ΩUshU(φ) ◦ α˜X , which by naturality
equals α˜Z◦φ. Since Z is aGUΩ-spectrum, it follows from Lemma 3.33 that α˜Z is an isomorphism
in the level homotopy category and hence postcomposition with it gives a natural isomorphism
on morphism sets. It follows that HoUlev(f, Z) is a retract of Ho
U
lev(Ω
UshUf, Z) which we know
to be a bijection since ΩUshUf is a GU -stable equivalence. Hence, HoUlev(f, Z) is a bijection,
too, and f is a GU -stable equivalence. 
Corollary 3.37. A morphism between GU -semistable G-symmetric spectra is a πU∗ -isomorphism
if and only if it is a GU -stable equivalence.
Proof. It suffices to show the topological case. We have just seen that every πU∗ -isomorphism
is a GU -stable equivalence. For the other direction, let f : X → Y be a GU -stable equivalence
between GU -semistable X and Y . Then ΩUshU (f) is a GU -stable equivalence between GUΩ-
spectra, hence aGU -level equivalence by the Yoneda Lemma and in particular a πU∗ -isomorphism.
By 2-out-of-3 it follows that f is also a πU∗ -isomorphism. 
4. Stable model structures
4.1. Properties of GU -stable equivalences. This section examines the behavior of GU -stable
equivalences with respect to certain constructions. First we need a definition:
Definition 4.1 (h-cofibrations). A map i : X → Y of G-symmetric spectra of spaces is called
an h-cofibration if it satisfies the homotopy extension property.
This property is equivalent to the inclusion ([0, 1]+ ∧ X) ∪{0}+∧X Y → [0, 1]+ ∧ Y having
a retraction, and so it follows that any functor preserving pushouts and the smash product
with the interval also preserves h-cofibrations. In particular, this holds for smashing with any
G-symmetric spectrum. Furthermore, the pushout of an h-cofibration along an arbitrary map is
again an h-cofibration, and so is the (transfinite) composition of h-cofibrations. Since it is easily
checked that the generating G-flat cofibrations (Equation 2.2) are h-cofibrations, this implies
that any G-flat cofibration (and hence also any GU -projective cofibration) is an h-cofibration.
Proposition 4.2. (1) A wedge of GU -stable equivalences is again a GU -stable equivalence.
(2) Smashing with a cofibrant G-space A preserves GU -stable equivalences.
(3) Let f : X → Y be a morphism of G-symmetric spectra of spaces and V a G-subrepresentation
of R[U ]. Then the following are equivalent:
(i) f is a GU -stable equivalence.
(ii) SV ∧ f is a GU -stable equivalence.
(iii) ΩV f is a GU -stable equivalence.
(iv) C(f) is GU -stably contractible, i.e., the unique map C(f) → ∗ is a GU -stable
equivalence.
(v) H(f) is GU -stably contractible.
(4) Let
A
f
//
i

B
j

X
g
// Y
be a pushout diagram of G-symmetric spectra of spaces with i an h-cofibration. Then:
(i) If i is a GU -stable equivalence, then so is j.
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(ii) If f is a GU -stable equivalence, then so is g.
(5) Let X0
i0−→ X1
i1−→ X2
i2−→ . . . be a sequence of morphisms ij of G-symmetric spectra of
spaces which are h-cofibrations and GU -stable equivalences. Then the induced morphism
X0 → colimj Xj is also a GU -stable equivalence.
There is also a dual version of item 4, saying that the pullback of aGU -stable equivalence along
a projective GU -level fibration is again a GU -stable equivalence (or similarly, that the pullback
of a GU -stable equivalence that is also a projective GU -level fibration along an arbitrary map is
again a GU -stable equivalence).
Proof. The arguments are similar to the non-equivariant case, cf. [MMSS01, Thm. 8.12]. Using
that A ∧ −, ΩV and wedges take all π∗-isomorphisms (in particular, G
U -level equivalences) to
π∗-isomorphisms, one can reduce to the case where all the spectra involved in items (1)− (3) are
G-flat and f is a G-flat cofibration. Items (1) and (2) then follow by adjunction. To show that
(3.ii) implies (3.i), note that every GΩ-spectrum X is GU -level equivalent to ΩVΩM−V shMX ,
where M is some finite G-subset of U whose linearization contains V . The equivalence to (3.iii)
follows from Proposition 3.10, and that to (3.iv) from the long exact sequence in homotopy
classes of maps associated to a cofiber sequence. Finally, C(f) and S1 ∧ H(f) are GU -stably
equivalent by Proposition 3.6, so via the equivalence of (3, i) and (3, ii) it follows that (3.iv)
and (3.v) are also equivalent.
The proof of item (4) uses that (by (3)) GU -stable equivalences can be tested on cones.
Regarding item (5), after replacing each ij by a flat cofibration (up to G
U -level equivalence)
and applying map(−, Z) for a level-fibrant GUΩ-spectrum Z yields a tower of acylic fibrations
of spaces with limit weakly equivalent to map(colimj Xj , Z), since the level model structure is
topological. It follows that the map map(colimj Xj , Z) → map(X0, Z) is a weak equivalence
and taking π0 yields the result. 
4.2. QU -replacement and stable model structures. Our next goal is the construction of
an endofunctor QU of G-symmetric spectra with image in GUΩ-spectra, together with a natural
GU -stable equivalence qU : id→ QU . We note that for GU -semistable G-symmetric spectra the
construction α˜UX : X → Ω
UshUX of Section 3.6 has these properties, but for general X one
needs to proceed in a different way.
We recall the GU -stable equivalences
G⋉H λ
(H)
M,N : G⋉H F
(H)
M⊔NS
N → G⋉H F
(H)
M S
0
from Example 2.37. We use the levelwise mapping cylinder Cyl(−) to factor G⋉H λ
(H)
M,N as
G⋉H F
(H)
M⊔NS
N
G⋉Hλ
(H)
M,N
−−−−−−−→ G⋉H Cyl(λ
(H)
M,N )
G⋉Hr
(H)
M,N
−−−−−−−→ G⋉H F
(H)
M S
0.
Here, the map G⋉H r
(H)
M,N is a G-homotopy equivalence and λ
(H)
M,N is a G
U -projective cofibration.
The latter is a formal consequence of the fact that G⋉H F
(H)
M⊔NS
N and G⋉H F
(H)
M S
0 are GU -
projective as well as the GU -projective level model structures being topological (or simplicial).
For example, this is explained in the proof of [HSS00, Lem. 3.4.10].
We define
JstU ,proj ··= {i(G⋉H λ
(H)
M,N ) | i ∈ I{e}, H ≤ G, M,N ⊆H U} ∪ J
lev
U ,proj.
Again,  denotes the pushout product with respect to the smash product and I{e} is a set of
generating cofibrations of the Quillen model structures on non-equivariant topological spaces or
simplicial sets.
Lemma 4.3. For a GU -projectively level fibrant G-symmetric spectrum X, H a subgroup of G
and M and N two finite H-subsets of U the following are equivalent:
(1) The map (σ˜NM )
H : X(M)H → mapH(S
N , X(M ⊔N)) is a weak homotopy equivalence.
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(2) X has the right lifting property with respect to the set {i(G⋉H λ
(H)
M,N)}i∈I{e} .
Proof. The argument is the same as in the non-equivariant case, cf. [HSS00, Lem. 3.4.12 and
Cor. 3.4.13]. 
Corollary 4.4. A G-symmetric spectrum of spaces or simplicial sets is a GUΩ-spectrum if and
only if it has the right lifting property with respect to the set JstU ,proj.
It follows from Proposition 2.29, i.e., the fact that the level model structures are G-topological
(or G-simplicial), that every map in JstU ,proj is a G
U -projective cofibration. Also, all domains
(and codomains) of maps in JstU ,proj are small with respect to countably infinite sequences of
flat cofibrations. Hence we can apply the small object argument (cf. [Hir03, 10.5.16]) to obtain
a functor QU : GSpΣ → GSpΣ with image in GUΩ-spectra and a natural transformation qU :
id→ QU .
We are left to show that for every G-symmetric spectrum X the map qUX : X → Q
UX is a
GU -stable equivalence. We first prove the following:
Lemma 4.5. Let i : A→ B be a genuine G-cofibration of based G-spaces (or based G-simplicial
sets) and f : X → Y a G-flat cofibration of G-symmetric spectra which is also a GU -stable
equivalence. Then the pushout product map
if : (B ∧X) ∪A∧X (A ∧ Y )→ B ∧ Y
is again a G-flat cofibration and a GU -stable equivalence.
Proof. We already know that if is again a G-flat cofibration, since the level model structure is
based G-topological (or based G-simplicial) by Proposition 2.29. Hence, using Proposition 4.2
and the fact that for G-flat cofibrations the cone is GU -level equivalent to the cofiber, we can
prove that if is a GU -stable equivalence by showing that its cofiber
B ∧ Y/((B ∧X) ∪A∧X (A ∧ Y )) ∼= (B/A) ∧ (Y/X)
is GU -stably contractible. Since f is a G-flat cofibration and a GU -stable equivalence, the G-
symmetric spectrum Y/X is GU -stably contractible. Hence, so is its smash product with the
cofibrant based G-space B/A (by Proposition 4.2). So if is a GU -stable equivalence. 
Using this we obtain:
Proposition 4.6. The map qUX : X → Q
UX is a GU -stable equivalence for every G-symmetric
spectrum X.
Proof. The map qX is a relative J
st
U ,proj-complex. Every map in J
st
U ,proj is in particular a G-flat
cofibration and GU -stable equivalence (for those of the form G⋉H λ
(H)
M,N this is a consequence
of Lemma 4.5), so the result follows from Proposition 4.2. 
We are now ready to establish the GU -stable model structures for G-symmetric spectra of
spaces and of simplicial sets. We call a map a (positive) flat GU -stable fibration if it has the right
lifting property with respect to all maps that are (positive) G-flat cofibrations and GU -stable
equivalences. (Positive) projective GU -stable fibrations are analogously defined.
Theorem 4.7 (Flat stable model structures). The classes of (positive) G-flat cofibrations,
GU -stable equivalences and (positive) GU -stable fibrations define a cofibrantly generated, proper
model structure on the categories of G-symmetric spectra of spaces and simplicial sets, called
the (positive) GU -flat stable model structure.
Theorem 4.8 (Projective stable model structures). The classes of (positive) projective GU -
cofibrations, GU -stable equivalences and (positive) projective GU -stable fibrations define a cofi-
brantly generated, proper model structure on the categories of G-symmetric spectra of spaces and
simplicial sets, called the (positive) GU -projective stable model structure.
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Proof. All the model structures are obtained in the same way via left Bousfield localization of
the respective level model structure,. We apply Theorem [Bou01, Thm. 9.3], with respect to
the functor QU and the natural transformation qU : id→ QU just constructed. Any GU -stable
equivalence between GUΩ-spectra is a GU -level equivalence by the Yoneda Lemma and thus a
map f is a GU -stable equivalence if and only if QUf is a GU -level equivalence (and if and only
if QUf is a positive GU -level equivalence). In other words the class of GU -stable equivalences
agrees with that of QU -equivalences in the sense of Bousfield’s theorem.
We now check the axioms in [Bou01]. (A1) requires that every GU -level equivalence is a GU -
stable equivalence, which is clear. For every G-symmetric spectrum X the maps qUQX and Q
UqUX
from QUX to QUQUX are GU -stable equivalences between GUΩ-spectra and hence GU -level
equivalences, so (A2) is satisfied. In (A3) we have to show that the pullback of a GU -stable
equivalence along a GU -level fibration between level-fibrant (positive) GUΩ-spectra is again a
GU -stable equivalence. This is a direct application of the dual version of item 4 in Proposition
4.2 (and does not need the GUΩ spectrum hypothesis). 
Using the characterization given in [Bou01, Thm. 9.3], we see that generating acyclic cofibra-
tions can be obtained by adding the maps i(G⋉H λM,N ) for all H-subsetsM and N of U (with
M 6= ∅ in the positive case) to the respective set of generating acyclic cofibrations for the level
model structure (while nothing needs to be added to the generating cofibrations). Moreover, a
G-symmetric spectrum is fibrant in either of the (positive) stable model structures if and only
if it is a level-fibrant (positive) GUΩ-spectrum.
4.3. Some properties of the homotopy category of G-symmetric spectra. We list cer-
tain properties of the homotopy category HoU (GSpΣ) of the GU -stable model structures that
we need later for the comparison with G-orthogonal spectra.
Proposition 4.9. (1) (Stability) Let V be a finite dimensional G-representation which em-
beds into R[U ]. Then the adjunction
SV ∧ (−) : GSpΣ
T
⇄ GSpΣ
T
: ΩV
is a Quillen equivalence for either of the U-stable model structures of the previous section.
In particular, the U-model structures are stable and so their homotopy categories inherit
a triangulated structure.
(2) (True homotopy groups) The G-symmetric spectra G/H+∧Sn represent the true homo-
topy groups, i.e., for H a subgroup of G and a GU -semistable G-symmetric spectrum X
there is a natural isomorphism
HoU(GSpΣ)(G/H+ ∧ S
n, X) ∼= πH,Un (X).
(3) (Generators) The suspension spectra of G-orbits {G/H+ ∧ S | H ≤ G} form a set of
compact generators of the triangulated homotopy category HoU(GSpΣ).
Proof. (i): This is a consequence of the fact that both functors preserve and reflect all GU -
stable equivalences (Proposition 3.10) and that adjunction unit and counit are πU∗ -isomorphisms
(Proposition 3.5) and thus GU -stable equivalences.
(ii): We can restrict to the case n = 0 and X a GUΩ-spectrum, since every GU -semistable
G-symmetric spectrum can be replaced by one up to πU∗ -isomorphism. The statement then
follows by adjunction, since
HoU(GSpΣ)(Σ∞G/H+, X) ∼= [G/H+, X0]
G = π0(X
H
0 )
∼= π
H,U
0 X,
where we have used the non-positive GU -projective stable model structure to compute the
morphism set in the homotopy category. The last step uses Example 3.2.
(iii): Using item (ii), this follows from item 3 of Proposition 3.6 and the fact that equivariant
homotopy groups detect GU -stable equivalences between GU -semistable G-symmetric spectra
and hence in particular GUΩ-spectra. 
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5. Derived functors
In this section we explain how the model structures can be used to derive various functors
between categories of equivariant symmetric spectra.
5.1. Change of universe. The U-stable homotopy categories HoU (GSpΣ) for varying G-set
universes U are related by change of universe functors. For this we let U ,U ′ be G-set universes
such that U allows an embedding into U ′. It follows immediately from the definitions that every
GU
′
-level equivalence is also a GU -level equivalence and the same is true for projective level
fibrations. Moreover, every GU
′
Ω-spectrum is in particular a GUΩ-spectrum and so we see that
the identity functor is a right Quillen functor from the GU
′
-projective stable model structure to
the GU -projective stable model structure. Hence, we obtain a Quillen pair
(5.1) id : GSpΣU ,proj ⇄ GSp
Σ
U ′,proj : id
and a derived adjunction between the homotopy categories. We note that the Quillen pair does
not depend on a choice of embedding U →֒ U ′.
If the R-linearizations of U and U ′ are isomorphic, it follows by 2-out-of-3 for the Quillen
equivalences from Theorem 7.4 that the above adjunction is a Quillen equivalence. In fact, less
is necessary: It is a consequence of [Lew95, Thm. 1.2], that we obtain a Quillen equivalence
already if every G-orbit G/H which embeds into R[U ′] also embeds into R[U ].
Remark 5.1. The identity adjunction is usually not a Quillen pair for the flat stable model
structures, since a GU -stable equivalence between G-flat G-symmetric spectra is not necessarily
a GU
′
-stable equivalence.
5.2. Change of groups. Let H ≤ G be a subgroup inclusion. Then the restriction functor
resGH : GSp
Σ → HSpΣ preserves all the structure one could ask for, namely it maps G-flat
cofibrations (GU -flat stable fibrations) to H-flat cofibrations (resp. HU -flat stable fibrations)
and all GU -stable equivalences to HU -stable equivalences, and similarly for the projective model
structure and their positive versions. Hence, it is both a right and a left Quillen functor and
one obtains Quillen pairs
G⋉H (−) : HSp
Σ
⇄ GSpΣ : resGH
and
resGH : GSp
Σ
⇄ HSpΣ : mapH(G,−)
with respect to either the flat or the projective U-stable model structures, positive and non-
positive. The Wirthmu¨ller isomorphism (Proposition 3.7) implies that if G/H embeds into R[U ],
the derived functors L(G⋉H −) and R(mapH(G,−)) are naturally isomorphic.
5.3. Categorical fixed points. Let N be a normal subgroup of G, p : G → G/N the projec-
tion, UG/N a G/N -set universe and p
∗(UG/N ) the pulled-back G-set universe. Then the fixed
point adjunction
p∗ : (G/N)SpΣ ⇄ GSpΣ : (−)N
becomes a Quillen pair for the (G/N)UG/N -projective ((G/N)UG/N -flat) model structure on
(G/N)SpΣ and the Gp
∗(UG/N)-projective (resp. Gp
∗(UG/N )-flat) model structure on GSpΣ.
5.4. Orbits. Let G, N , p and UG/N be as above. Then the N -orbits adjunction
(−)/N : GSpΣ ⇄ (G/N)SpΣ : p∗
is a Quillen pair for the Gp
∗(UG/N )-projective model structure on the left and the (G/N)UG/N -
projective model structure on the right, and likewise for the flat model structures.
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6. Monoidal properties and the norm
In this section we deal with the relationship between the smash product and the stable
model structures, constructing model structures on categories of modules, algebras (both via
[SS00]) and commutative algebras (using [Whi17]). We also explain homotopical properties of
the multiplicative norm.
We start with:
Proposition 6.1. The (positive and non-positive) flat and projective GU -stable model structures
on G-symmetric spectra are monoidal with respect to the smash product.
Proof. Since the stable model structure shares the cofibrations with the respective level model
structure and every GU -stably acyclic projective cofibration is also a GU -stably acyclic flat
cofibration, we only have to show that the pushout product fg of a GU -stably acyclic flat
cofibration f : A → B with a flat cofibration C → D is again a GU -stable equivalence. The
proof is the same as for Lemma 4.5, this time making use of the fact that the Hom-spectrum
from a flat G-symmetric spectrum into a GU -flat level fibrant GUΩ-spectrum is again a flat level
fibrant GUΩ-spectrum (which is Corollary 2.34).
To establish monoidality for the positive model structures we furthermore need to show that
for a positive GU -projective cofibrant replacement S+ → S and every positive flat cofibrant
G-symmetric spectrum X the map (S+ ∧X) → X is a GU -stable equivalence, but this is clear
because every positive GU -level equivalence is a GU -stable equivalence and S and S+ are in
particular flat. 
6.1. The monoid axiom and model structures on module and algebra categories. In
order to obtain model structures on modules and algebras over an arbitrary G-symmetric ring
spectrum we need to show one more property called the monoid axiom (cf. [SS00, Def 3.3]).
The main ingredient is the following:
Proposition 6.2 (Flatness). (i) Smashing with a G-flat G-symmetric spectrum preserves πU∗ -
isomorphisms and GU -stable equivalences.
(ii) Smashing with any G-symmetric spectrum preserves πU∗ -isomorphisms and G
U -stable equiv-
alences between G-flat G-symmetric spectra.
Before we come to showing this we need one lemma. We recall that Gn(−) denotes the
semi-free G-symmetric spectrum functor in level n (cf. Section 2.4).
Lemma 6.3. Let n ∈ N, A a cofibrant (G × Σn)-space and Y a G-symmetric spectrum with
πU∗ Y = 0. Then π
U
∗ (Gn(A) ∧ Y ) = 0.
Proof. It suffices to prove the lemma for G-symmetric spectra of spaces. The (n+m)-th level of
the G-symmetric spectrum Gn(A)∧Y is given by Σn+m⋉Σn×Σm (A∧Ym). We let ϕ : G→ Σn+m
be a homomorphism such that the associated G-set n+mϕ (which we denote by M from now
on) embeds into U , and f : Sk⊔M → (Gn(A)∧Y )(M) a G-map. We have to show that f is stably
null-homotopic. Applying the double coset formula (cf. Section 1.1), we see that (Gn(A)∧Y )(M)
splits off as ∨
[N⊆M=n+m,|N |=n]
G⋉Stab(N) (A ∧ Y (M −N)),
where the wedge is taken over a system ofG-orbit representativesN of subsets ofM of cardinality
n and Stab(N) ⊆ G is the stabilizer of such a subset. The stabilizer fixes both N and the
complement M − N , so it acts on Y (M − N). The action on A comes from pulling back the
(G × Σn)-action along the graph of the homomorphism Stab(f) → ΣN ∼= Σn (where the latter
is induced by the canonical order-preserving bijection n ∼= N ⊆ n+m). We now fix such an
n-element subset N and consider the G-map f ′ : Sk⊔M → (Gn(A) ∧ Y )(M)→ G⋉Stab(N) (A ∧
Y (M − N)), i.e., f followed by the projection to this summand. It represents an element in
πG,Uk (Ω
M (G⋉Stab(N) (A ∧ Y ))), which is trivial by Lemma 3.8 and Corollary 3.9. Hence, there
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exists a finite G-setM ′ such that σM
′
M−N ◦(f
′∧SM
′
) is G-nullhomotopic. TakingM ′ large enough
so that this holds for all subsets N at once, we obtain that σM
′
M ◦ (f ∧ S
M ′) has the property
that all postcompositions with projections to the summands are G-nullhomotopic. Using item 3
of Proposition 3.6 we see that this implies that a suspension of f itself is G-nullhomotopic and
so we are done. 
Proof of Proposition 6.2. To (i): We first consider the statement about homotopy groups. By
the long exact sequence of the mapping cone (Proposition 3.6) it suffices to show that X ∧ Y
has trivial homotopy groups whenever X is G-flat and Y has trivial homotopy groups. This
follows from Lemma 6.3 via an induction over the skeleton filtration of X , using that the smash
product with Y takes G-flat cofibrations to h-cofibrations (cf. [MMSS01, Prop. 12.3] for the
non-equivariant analog).
To obtain the statement on GU -stable equivalences we use that we can replace any G-
symmetric spectrum Y by a G-flat one Y ♭ up to GU -level equivalence. As we just saw, smashing
with X takes GU -level equivalences to πU∗ -isomorphisms and hence G
U -stable equivalences. So
the claim follows from monoidality of the GU -flat stable model structure.
Statement (ii) follows by 2-out-of-3 applied to a flat replacement. 
Now we come to the monoid axiom. For a G-symmetric spectrum Y we denote by {JUst∧Y }
cell
the class of maps obtained via (transfinite) compositions and pushouts from maps of the form
j ∧ Y , where j is a G-flat cofibration and GU -stable equivalence.
Proposition 6.4 (Monoid axiom). Every map in {JUst ∧ Y }
cell is a GU -stable equivalence.
Proof. By Proposition 6.2 we know that each map j ∧ Y is a GU -stable equivalence and an
h-cofibration. Since the class of GU -stable equivalences which are also h-cofibrations is closed
under (transfinite) composition and pushouts, this gives the monoid axiom. 
This implies the monoid axiom [SS00, Def. 3.3] in all the positive and non-positive, projective
and flat model structures, since every cofibration there is in particular a G-flat cofibration.
Hence, by [SS00, Thm. 4.1] we obtain various model structures on the categories of modules
and algebras, where the weak equivalences (and fibrations) are those maps which forget to a
weak equivalence (resp. fibration) in the respective model structure on G-symmetric spectra.
Corollary 6.5. (i) For every G-symmetric ring spectrum R the positive and non-positive,
GU -flat and GU -projective stable model structures lift to the category of R-modules. If R
is commutative, they are again monoidal.
(ii) For every commutative G-symmetric ring spectrum R the positive and non-positive, GU -flat
and GU -projective stable model structures lift to the category of R-algebras. Furthermore,
every cofibration of R-algebras with cofibrant source is also a cofibration of R-modules.
Remark 6.6. Strictly speaking, Theorem 4.1 of [SS00] does not apply verbatim to the topo-
logical case, because not every G-symmetric spectrum of spaces is small. However, the domains
and targets of the generating (acyclic) cofibrations are small with respect to (transfinite) com-
positions of G-flat cofibrations, and so the small object argument can nevertheless be applied
(cf. [SS00, Rem. 2.4]).
6.2. Homotopical properties of the norm. In this section we deal with the homotopi-
cal properties of the norm functor, a multiplicative version of induction whose analog on G-
orthogonal spectra plays a major role in the solution of the Kervaire invariant one problem
in [HHR16], where its properties are studied in detail (Sections A.4 and B.5). An analysis
of the norm is also needed for the construction of model structures on strictly commutative
G-symmetric ring spectra, as we will see in the next section.
The norm can be constructed as follows: We fix a subgroup inclusion H ≤ G. For every
H-symmetric spectrum X and every n ∈ N, the n-fold smash power X∧n has a natural action
of the wreath product Σn ≀ H , i.e., the semidirect product of Σn and Hn associated to the
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Σn-action permuting the factors. Taking n to be the index of H in G, any choice of a system
of coset representatives g1, . . . , gn ∈ G of G/H gives rise to an embedding ϕ : G→ Σn ≀H ; g 7→
(σ(g), h1(g), . . . , hn(g)) characterized by the formula g · gi = gσ(g)(i)hi(g). This embedding is
independent of the chosen gi up to conjugation. The norm is then defined as the G-symmetric
spectrum obtained by restricting X∧n along this embedding.
The norm functor is symmetric monoidal, hence it maps commutative H-symmetric ring
spectra to commutative G-symmetric ring spectra, yielding a left adjoint of the restriction
functor.
We now summarize the homotopical properties of these constructions. They are very clean
over the projective model structures. Given an H-set universe U , the n-fold disjoint union n×U
becomes a (Σn ≀H)-set universe and we have:
Theorem 6.7. For every H-set universe U and every natural number n the functor (−)∧n :
HSpΣ → (Σn ≀H)SpΣ maps HU -stable equivalences between HU -projective H-symmetric spectra
to (Σn ≀ H)n×U -stable equivalences of (Σn ≀ H)n×U -projective spectra. In particular, the norm
NGH : HSp
Σ → GSpΣ maps GU -stable equivalences between HU -projective H-symmetric spectra
to GG⋉HU -stable equivalences.
In particular, both the n-fold smash power and the norm can always be left derived, as any
HU -projective replacement functor is a left deformation for them.
The behavior with respect to the flat model structure is more delicate. It is not true that
the functor (−)∧n : HSpΣ → (Σn ≀ H)SpΣ takes HU -stable equivalences between H-flat H-
symmetric spectra to (Σn ≀H)
n×U -stable equivalences, in fact not even to (Σn ×H)
n×U -stable
equivalences. Nevertheless, under some conditions on the H-set universe U , the norm functor
is homotopical on H-flat H-symmetric spectra. The precise conditions on U needed are quite
complicated and for simplicity we restrict to the case where U is the full N -fixed H-set universe
associated to a subgroup N of H which is normal in G. We denote this H-set universe, an
infinite disjoint union of all orbits H/K with N ≤ K, by UH(N). The case where N is trivial
gives the complete H-set universe. We then have:
Theorem 6.8. Let N ≤ H ≤ G be subgroups with N normal in G. Then the norm functor
NGH : HSp
Σ → GSpΣ takes HUH(N)-stable equivalences between H-flat H-symmetric spectra to
GUG(N)-stable equivalences of G-flat G-symmetric spectra.
In particular, for universes of this form the effect of the derived norm can be computed
on H-flat H-symmetric spectra. The point in this additional work will become clear in the
next section, where it is used to show that the derived norm of a commutative H-symmetric
ring spectrum is equivalent as a G-symmetric spectrum to the derived norm of the underlying
H-symmetric spectrum (cf. [HHR16, Sec. B.8]).
Remark 6.9. We note that if f : X → Y is an H-flat cofibration of H-symmetric spectra
of simplicial sets, it follows immediately from monoidality of the non-equivariant flat model
structure that both f∧n and fn are (Σn ≀ H)-flat cofibrations and also G-flat cofibrations,
since equivariant flat cofibrations are exactly those morphisms whose underlying non-equivariant
morphism is a flat cofibration. In particular, this gives the part about cofibrations of Theorem
6.8 in the simplicial case and also for all morphisms of H-symmetric spectra of spaces which are
the geometric realization of a morphism of H-symmetric spectra of simplicial sets, in particular
for (wedges of) generating cofibrations.
In the proofs of Theorems 6.7 and 6.8 we will make use of the distributive law of [HHR16,
Sec. A.3.3.], which says that both the n-fold smash power (
∨
I Xi)
∧n and the norm NGH(
∨
I Xi)
of a wedge
∨
I Xi can be rewritten as a wedge of induced smash powers respectively norms.
We quickly recall it in the versions we need and start with the case of smash powers. For this
we choose a linear ordering on the index set I. Given a monotone function f : n → I, we let
a1, . . . , ak be the different values of f and ni ∈ N>0 the order of their respective preimages.
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Then the distributive law asserts that there is a natural (Σn ≀H)-equivariant decomposition
(
∨
i∈I
Xi)
∧n ∼=
∨
f :n→I,monotone
Σn ≀H ⋉Σn1 ≀H×...×Σnk ≀H (X
∧n1
a1 ∧ . . . ∧X
∧nk
ak
).
In the case of the norm, we need to replace monotone functions n → I by G-orbits of all
functions f : G/H → I. Given such an f , we let K be the stabilizer and g1, . . . , gl a system of
representatives for double cosets K\G/H . Then there is a G-isomorphism
NGH (
∨
i∈I
Xi) ∼=
∨
[f :G/H→I]
G⋉K (
k∧
i=1
NK∩giHg−1i
c∗gires
H
g−1i Kgi∩H
Xf(gi)).
Remark 6.10. The above formulas hold for H-objects in any symmetric monoidal category
for which the monoidal product distributes over the coproduct. In particular, they hold for the
pushout product  of morphisms of H-symmetric spectra.
We now move towards the proofs of Theorems 6.7 and 6.8 and start with the following:
Proposition 6.11. Let G and K be finite groups, UG a G-set universe, UK a K-set universe,
i : A → B a GUG-projective cofibration and j : X → Y a KUK -projective cofibration. Then the
pushout product ij is a (G×K)UG⊔UK -projective cofibration. If either i or j is positive, so is
ij. If i is a GUG-projective cofibration and GUG-stable equivalence and j is a KUK -projective
cofibration, then ij is a (G×K)UG⊔UK -stable equivalence.
Proof. By Section 5.1, i is a (positive, acyclic) (G × K)UG⊔UK -projective cofibration when
equipped with trivial K-action, and similarly for j. So the result follows from monoidality
of the (G×K)UG⊔UK -stable model structure, cf. Proposition 6.1 (and Proposition 2.29 for the
smash product of a positive and non-positive projective cofibration). 
Remark 6.12. This proposition does not hold over the flat model structures.
Theorem 6.7 is then a consequence of the following proposition, via Ken Brown’s Lemma:
Proposition 6.13. Let f : X → Y be an HU -projective cofibration of HU -projective H-
symmetric spectra and n ∈ N. Then f∧n : X∧n → Y ∧n is a projective (Σn ≀H)n×U -cofibration.
If f is in addition an HU -stable equivalence, then f∧n is a (Σn ≀H)n×U -stable equivalence.
Proof. It suffices to prove the topological case. We start by showing the claim for the generating
(stable acyclic) cofibrations. The generating cofibrations are of the form H ⋉K FM (i : A→ B)
for i a genuine K-cofibration of based K-CW complexes. Then (H ⋉K FM (i))
∧n ∼= (Σn ≀
H)⋉Σn≀K (FMn(i
∧n)), which is an Hn×U -projective cofibration, since i∧n is a genuine (Σn ≀K)-
cofibration (and, for later reference, so is the n-fold pushout product in). Furthermore, if i
is also a genuine K-equivalence, then i∧n and in are genuine (Σn ≀ K)-equivalences. Hence,
it remains to consider the generating stable acyclic cofibrations added from the level to the
stable model structure. They are of the form H ⋉K (λ
(K)
M,N : FM⊔NS
N → FMS0) followed by
an H-homotopy equivalence. Hence, it suffices to show that (H ⋉K λ
(K)
M,N )
n is a (Σn ≀H)
n×U -
stable equivalence. But this follows from the identification (H ⋉K λ
(K)
M,N )
∧n ∼= (Σn ≀H) ⋉Σn≀K
(λ
(Σn≀K)
n×M,n×N ).
In order to finish the proof we have to show the following:
(i) For every family {ji : Xi → Yi}i∈I of generatingHU -projective (stable acyclic) cofibrations,
the map (
∨
I ji)
∧n is a (Σn ≀H)n×U -projective (stable acyclic) cofibration.
(ii) Given a pushout square
A //
i

X
f

B // Y,
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where i is a wedge of generating HU -projective (stable acyclic) cofibrations, the map
f∧n : X∧n → Y ∧n is a (Σn ≀H)n×U -projective (stable acyclic) cofibration.
(iii) Given a sequence X0 → X1 → . . . of HU -projective (stable acyclic) cofibrations, for which
we already know that each individual map (Xi)
∧n → (Xi+1)∧n is a (Σn ≀H)n×U -projective
(stable acyclic) cofibration, the map (X0)
∧n → (colimXi)
∧n is a (Σn ≀ H)
n×U -projective
(stable acyclic) cofibration.
This proves the proposition, because every HU -projective (stable acyclic) cofibration is a retract
of one obtained from the operations (i)− (iii).
Number (iii) is clear, because (−)∧n commutes with sequential colimits. Regarding (i), we
use the distributive law recalled above to see that (
∨
I ji)
∧n decomposes as a wedge of maps of
the form (Σn ≀H)⋉Σn1 ≀H×...×Σnk ≀H (j
∧n1
a1 ∧ . . . ∧ j
∧nk
ak
). We know that each factor is a (stable
acyclic) (ni × U)-projective cofibration of (ni × U)-projective (Σni ≀ H)-symmetric spectra, so
by Proposition 6.11 and Lemma 3.8 the induction of the smash product over them is a (stable
acyclic) (Σn ≀H)n×U -projective cofibration. Hence, so is the wedge.
Finally, we prove (ii) by induction on n, using that (i) and (iii) are already dealt with. The
case n = 1 is clear. So we fix an n larger than 1 and assume the statement being shown for all
k < n. The (Σn ≀ H)-symmetric spectrum Y ∧n is obtained from X∧n by inductively forming
pushouts along the maps (Σn ≀H)⋉Σk≀H×Σn−k≀H ((i
k)∧X∧(n−k)) for k = 1, . . . , n (as explained,
for example, in [SS12, Lem. A.8.]). Since the ik are (Σk ≀ H)k×U -projective cofibrations if i
is a wedge of generating cofibrations, as remarked above, and X∧(n−k) is (Σn−k ≀ H)(n−k)×U -
projective, the part about cofibrations again follows from Proposition 6.11. If i is a wedge of
generating HU -projective stable acyclic cofibrations, it follows from Remark 6.9 that the n-fold
pushout product is a (Σk ≀H)k×U -flat cofibration. Therefore, it suffices to show that the quotients
(Σn ≀H)⋉Σk≀H×Σn−k≀H ((B/A)
∧k ∧X∧(n−k)) are all (Σn ≀H)n×U -stably contractible. Since we
already know that each X∧(n−k) is (Σn−k ≀ H)(n−k)×U -projective, in view of Proposition 6.11
it hence suffices to show that each (B/A)∧k is (Σk ≀ H)k×U -stably contractible. For all k < n
this follows from the induction hypothesis. For k = n we consider a different pushout where X
is equal to A, Y is equal to B and the horizontal maps are identities. Again, we see that the
map i∧n : A∧n → B∧n is the composite of n maps, of which the first n − 1 are (Σn ≀ H)n×U -
stable equivalences by the induction hypothesis. Since we have shown above that i∧n is also
a (Σn ≀H)n×U -stable equivalence, this means that the last map in the composite must also be
one. This last map is in with quotient (B/A)∧n, which finishes the proof. 
Now we come to the flat case. Again, by Ken Brown’s Lemma the following proposition
implies Theorem 6.8.
Proposition 6.14. Let N ≤ H ≤ G be subgroup inclusions with N normal in G and f : X → Y
an H-flat cofibration of H-flat H-symmetric spectra. Then NGHf : N
G
HX → N
G
HY is a G-flat
cofibration. If f is in addition an HUH(N)-stable equivalence, then NGHf is a G
UG(N)-stable
equivalence.
Proof. The method of proof is similar to that of Proposition 6.13 above. We explain the modi-
fications needed and at which places we are making use of this specific type of H-set universe.
We start with the generating (stable acyclic) flat cofibrations. The generating flat cofibrations
are of the form Gm(i : A → B) for i a genuine cofibration of (G × Σn)-CW complexes. Then
NGH(Gm(i))
∼= GG/H×m((ΣG/H×m)+ ∧ΣG/Hm
NGH i), which is a flat cofibration of G-symmetric
spectra (as - by the same proof - is the map (Gm(i))
NGH ). Furthermore, as a consequence of
Lemma A.3, this map is also a GUG(N)-level equivalence if i : A→ B is in addition an FH,ΣmUH(N)-
equivalence, which proves the statement on the generating acyclic cofibrations of the level model
structure. The additional generating acyclic cofibrations of the HU -flat stable model struc-
ture are HUH(N)-projective cofibrations of HUH(N)-projective H-symmetric spectra, so Propo-
sition 6.13 above implies that they are sent to GG⋉HUH(N)-stable equivalences of GG⋉HUH(N)-
projective G-symmetric spectra under the norm. Since the G-set universe G ⋉H UH(N) is a
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subuniverse of UG(N), the change of universe for the projective model structures (cf. Section
5.1) implies that every GG⋉HUH(N)-stable equivalence of GG⋉HUH(N)-projective G-symmetric
spectra is also a GUG(N)-stable equivalence.
We are then left to show the analogs of items (i), (ii) and (iii) in the proof of Proposition
6.13. Again, (iii) is easy. This time we show both items (i) and (ii) by induction over the order
of G, the whole statement being trivial for G = {e}. So we assume the proposition already
shown for all proper subgroups of G.
We start by proving (i): Given a wedge
∨
I ji :
∨
I Xi →
∨
I Yi of generating H
U -flat (stable
acyclic) cofibrations, the distributive law shows that NGH (
∨
I ji) is a wedge of maps of the form
G ⋉K (
∧k
i=1N
K
K∩giHg
−1
i
c∗gires
H
g−1i Kgi∩H
jf(gi)), for a function f : G/H → I. This immediately
shows that NGH(
∨
I ji) is again a G-flat cofibration. If each ji is a generating acyclic cofibration,
we claim that every smash factor NK
K∩giHg
−1
i
c∗gires
H
g−1Kg∩Hjf(gi) is a K
UK(K∩N)-stable equiva-
lence. IfK is equal toG, one can choose gi = 1 and the term becomes simplyN
G
H(jf(1)), which we
have shown to be a GUG(N)-stable equivalence. If K is a proper subgroup, c∗gires
H
g−1i Kgi∩H
jf(gi)
is a K∩gHg−1-flat cofibration and in addition a (K∩giHg
−1
i )
c∗gi res
H
g
−1
i
Kgi∩H
UH (N)
-stable equiv-
alence. But the K∩giHg
−1
i -set universe c
∗
gires
H
g−1i Kgi∩H
UH(N) is isomorphic to UK∩giHg−1i
(K∩
N), and K∩N is a subgroup of K ∩giHg
−1
i which is normal in K. So by the induction hypoth-
esis, applying the norm NKK∩gHg−1 gives a K
UK(K∩N)-stable equivalence, as claimed. Hence, by
the monoidality of the KUK(K∩N)-flat stable model structure, the smash product over all these
is also a KUK(K∩N)-stable equivalence. Since UK(K ∩ N) is isomorphic to the restriction of
UG(N), we see that the induction to G is a GUG(N)-stable equivalence, so (i) is shown.
For item (ii) we take a pushout square as in the proof of Proposition 6.13 and again use
that Y ∧n can be obtained from X∧n by iteratively forming pushouts along the map Σn ≀
H ⋉Σk≀H×Σn−k≀H (i
k ∧ X∧(n−k)) for k = 1, . . . , n. All these maps are G-flat cofibrations by
Remark 6.9. For the case where i is a wedge of generating HUH(N)-stably acyclic cofibrations,
we consider the quotient (Σn ≀ H) ⋉Σk≀H×Σn−k≀H (B/A)
∧k ∧ Xn−k. It remains to show that
when restricted along the chosen embedding G→ Σn ≀H , these quotients are all GUG(N)-stably
contractible. This restriction is isomorphic to the wedge over the terms in the distributive law
for NGH (B/A ∨X) associated to those functions f : G/H → I which map exactly k elements to
1. For all but the constant function with value 1, the induction hypothesis and the same proof
as for item (i) shows that the associated term is GUG(N)-stably contractible. Hence, it remains
to show that NGH (B/A) is G
UG(N)-stably contractible. For this we again consider a different
pushout with X = A, Y = B and both horizontal maps the identities. We already know that
the composite NGHA → N
G
HB is a G
UG(N)-stable equivalence. Since we also showed that all
maps but the last in the factorization are GUG(N)-stable equivalences, this means that the last
one must also be one. This last map has quotient NGH(B/A), which is hence G
UG(N)-stably
contractible, so we are done. 
6.3. Model structures on commutative algebras. In this section we construct model struc-
tures on the category of commutative algebras over a fixed commutative G-symmetric ring spec-
trum R. The following theorem summarizes the results. We recall once more that for a normal
subgroup N of G we denote by UG(N) the full N -fixed G-set universe.
Theorem 6.15 (Model structures on commutative algebras). Let R be a commutative G-
symmetric ring spectrum and N be a normal subgroup of G. Then the positive GUG(N)-projective
and the positive GUG(N)-flat model structures lift to the category of commutative R-algebras. In
either of these categories, a map is a weak equivalence or fibration if and only if the underlying
map is in the respective positive model structure on G-symmetric spectra.
The cofibrations in the flat model structures do not depend on the universe and have the
following convenient property (cf. [Shi04] for the non-equivariant version):
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Proposition 6.16 (Convenience). The underlying R-module map of a positive G-flat cofibration
of commutative R-algebras X → Y is a positive G-flat cofibration of R-modules if X is (not
necessarily positive) G-flat as an R-module. In particular, the G-symmetric spectrum underlying
a positive G-flat commutative G-symmetric ring spectrum is G-flat.
In the last section we discussed that given a subgroup inclusion H ≤ G, the forgetful functor
from the category of commutative G-symmetric ring spectra to the category of commutative H-
symmetric ring spectra has a left adjoint, the norm NGH . Since fibrations and weak equivalences
are created in underlying non-equivariant spectra, it follows directly from the change of group
results of Section 5.2 that this becomes a Quillen adjunction for both the positive projective
and the positive flat model structures. Moreover, the convenience property and Theorem 6.8
have the following consequence:
Corollary 6.17. For every normal subgroup N of H the diagram
HoUH(N)(comm. H-rings)
LNGH
//

HoUG(N)(comm. G-rings)

HoUH(N)(HSpΣ)
LNGH
// HoUG(N)(GSpΣ)
commutes up to natural isomorphism, where the vertical maps are forgetful functors.
Proof. We can compute the derived norm on the level of commutative ring spectra by replacing
by a cofibrant commutative H-symmetric ring spectrum in the positive HUH(N)-flat model
structure. By Proposition 6.16, the H-symmetric spectrum underlying a cofibrant commutative
H-symmetric ring spectrum is (positive) H-flat and we know that the derived norm NGH on
H-symmetric spectra can be computed by an H-flat replacement (Theorem 6.8), which finishes
the proof. 
In [HHR16], where they work with a projective model structure, this issue needs to be ad-
dressed differently (cf. [HHR16, Sec. B.8.]).
We now come to the proofs. In the non-equivariant version, a major input is the fact that
given a positive flat symmetric spectrum X , the n-fold smash product X∧n is Σn-free, i.e., the
map (EΣn)+ ∧Σn X
∧n → X∧n/Σn is a stable equivalence. Equivariantly, the level of freeness
depends on the chosen G-set universe. We recall that EFG,ΣnUG(N) denotes the universal space for
the family of graph subgroups for homomorphisms H → Σn (H ≤ G) with kernel containing
H ∩ N and that Gm(−) stands for the semi-free G-symmetric spectrum functor in level m (cf.
Section 2.4).
Lemma 6.18. For every two natural numbers m,n with m > 0 and every cofibrant (G× Σm)-
space A the map
(EFG,ΣnUG(N))+ ∧Σn (Gm(A))
∧n → (Gm(A))
∧n/Σn
is a GUG(N)-level equivalence.
Remark 6.19. As remarked in [HHR16, Rem. B.119], there is an error in the analogous version
of this result for G-orthogonal spectra in [MM02, Lem. III.8.4], where they always use an EΣn
with trivial G-action, even when working over non-trivial G-representation universes. In the
case of G-orthogonal spectra and the complete universe it is corrected in [HHR16, Prop. B.116].
Proof. There is a natural (G× Σn)-isomorphism (Gm(A))∧n ∼= Gn×m((Σn×m)+ ∧Σnm A
∧n) with
diagonal G-action on A and Σn-action both on A
∧n and by precomposition on Σn×m (and no
Σn-action on the level n×m, with respect to which the semi-free spectrum is formed). So the
map above is naturally isomorphic to Gn×m applied to the map
(EFG,ΣnUG(N))+ ∧Σn (Σn×m)+ ∧Σnm A
∧n → (Σn×m)+ ∧Σn≀Σm A
∧n
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of cofibrant (G × Σn×m)-spaces. The isotropy of UG(N) is closed under supergroups and so
Lemma A.4 says that this map is an F
G,Σn×m
UG(N)
-equivalence, which finishes the proof. 
Proposition 6.20. For every positive G-flat G-symmetric spectrum X the map
(EFG,ΣnUG(N))+ ∧Σn X
∧n → X∧n/Σn
is a π
UG(N)
∗ -isomorphism and in particular a G
UG(N)-stable equivalence.
Proof. This follows from Lemma 6.18 via an induction over the skeleton filtration of X , using
again that if f : A → B is the pushout of a map i, then f∧n is the composite of pushouts of
maps of the form Σn ⋉Σk×Σn−k (i
k ∧ A∧n−k) (cf. [SS12, Lem. A.8]). 
For the homotopical properties of (−)∧n/Σn we hence need to examine those of the functor
(EFG,ΣnU )+ ∧Σn X
∧n.
Lemma 6.21. Let U be a G-set universe, Y a (G × Σn)-symmetric spectrum which is KU -
contractible for all graph subgroups K in FG,ΣnU (where K acts on U through its projection to
G), and A a cofibrant (G × Σn)-space set with isotropy in F
G,Σn
U . Then A ∧Σn Y is G
U -stably
contractible.
Proof. We let A be an IG-cell complex, the general statement follows since G
U -stable equiv-
alences are closed under retracts. By an induction over the cells it suffices to show that
(G × Σn)/K+ ∧Σn Y is G
U -stably contractible for all K in FG,ΣnU . Let H be the projection
of K to G. Then (G × Σn)/K+ ∧Σn Y is G-isomorphic to G ⋉H res
K
H Y , which is G
U -stably
contractible by the assumption and the fact that induction maps HU -stable equivalences to
GU -stable equivalences. 
To establish the model structures we use results of [Whi17]. The following is the main input
for applying them:
Proposition 6.22. Let i : A→ B be a morphism of G-symmetric spectra. Then:
(i) If i is a (positive) G-flat cofibration, then in/Σn is again a (positive) G-flat cofibration.
(ii) If i is a positive G-flat cofibration and GUG(N)-stable equivalence, then in/Σn is a G
UG(N)-
stable equivalence.
Proof. By [Whi17, Lem. 5.1], it suffices to show (i) on the class of generating G-flat cofibrations,
which are all of the form Gm(j) : Gm(A) → Gm(B) for a genuine (G × Σm)-cofibration j and
m > 0. But then (Gm(j))
n is equal to Gn×m(Σn×m ⋉Σnm j
n), which is even a Σn ≀ G–flat
cofibration because Σn×m⋉Σnm j
n is a genuine Σn ≀G-cofibration. This proves that (−)n/Σn
preserves (positive) G-flat cofibrations.
For (ii) we use that we already know that in/Σn is a G-flat cofibration, and hence it suffices
to show that the quotient (B/A)∧n/Σn is G
U -stably contractible. Since B/A is positive G-flat,
we know by Proposition 6.20 that the quotient is GUG(N)-stably equivalent to (EFG,ΣnUG(N))+ ∧Σn
(B/A)∧n. We now want to apply Lemma 6.21 and have to check that for every subgroup H of
G and every homomorphism α : H → Σn with kernel containing H ∩N the spectrum (B/A)∧n
is HUH(H∩N)-stably contractible, where the H-action is via the graph embedding H → G×Σn.
But (B/A)∧n is H-isomorphic to a smash product of NHKi(B/A) for subgroups Ki of H which
contain H ∩N . The G-symmetric spectrum B/A is GUG(N)-stably contractible, hence it is also
K
UKi (Ki∩N)
i -stably contractible. Since Ki contains H ∩ N , we see that Ki ∩N equals H ∩N ,
which is normal in H . So we can use Theorem 6.8 to deduce that each NHKi(B/A) is H
UH(H∩N)-
stably contractible. All of them are also H-flat (by Proposition 6.13), hence their smash product
is HUH(H∩N)-stably contractible and we are done. 
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In the language of [Whi17], this implies that the positive GUG(N)-flat stable model structure
satisfies the strong commutative monoid axiom ([Whi17, Def. 3.4.]), while the positive GUG(N)-
projective stable model structure satisfies the weak commutative monoid axiom ([Whi17, Rem.
3.3]).
Proof of Theorem 6.15. This follows from Proposition 6.22 via [Whi17, Thm 3.2.] in the flat
case and [Whi17, Rem. 3.3.] in the projective case. 
Proof of Proposition 6.16. If one assumes that the source is a positive G-flat R-module, this is
[Whi17, Prop. 3.5.]. However, the only place where positive G-flatness of the source is used in
the proof is to ensure that smashing with it preserves positive G-flat cofibrations of R-modules.
For this it is sufficient that it is G-flat as an R-module. 
7. Comparison to other models
7.1. Quillen equivalence to G-orthogonal spectra. In this section we explain how our
model structures relate to the respective ones on G-orthogonal spectra, introduced in [MM02],
[Sto11] and [HHR16].
Orthogonal spectra are defined similarly to symmetric spectra of spaces with orthogonal
groups O(n) in place of the symmetric groups Σn, i.e., an orthogonal spectrum is a sequence of
based O(n)-spaces Xn with structure maps Xn∧S1 → Xn+1 whose iterations Xn∧Sm → Xn+m
are O(n) ×O(m)-equivariant.
An orthogonal spectrumX has an underlying symmetric spectrum of spaces UX by restricting
the O(n)-actions to Σn-actions via the embedding as permutation matrices. The resulting
functor U : SpO → SpΣ
T
has a left adjoint L, which can be obtained via a left Kan extension
(see [MMSS01, I.3 and III.23] for a description).
Definition 7.1. A G-orthogonal spectrum is a G-object in orthogonal spectra.
Remark 7.2. This is not exactly the definition of [MM02], but there is an equivalence of
categories (cf. [MM02, V, Thm. 1.5], [HHR16, Prop. A.18] and Section 2.4 for the corresponding
story for G-symmetric spectra).
EveryG-orthogonal spectrumX can be evaluated on all finite dimensionalG-representations V
via the formula X(V ) = XdimV ∧O(dimV ) L(R
dimV , V )+, where L denotes the space of lin-
ear isometries, and there are G-equivariant generalized structure maps σWV : X(V ) ∧ S
W →
X(V ⊕W ).
These evaluations for G-symmetric and G-orthogonal spectra are related in the following way:
Lemma 7.3. For every finite G-set M and every G-orthogonal spectrum X there is a natural
G-homeomorphism UX(M) ∼= X(R[M ]).
Proof. Let m be the order of M . Then the map sending a pair [x ∈ Xm, ϕ : m ∼= M ] to
[x,R[ϕ] : Rm ∼= R[M ]] is an equivariant homeomorphism. 
We start with comparing the projective model structures, and there we are cheating a bit,
because we really need to compare to a stronger variant of the one of [MM02] and require a
level equivalence to induce a genuine H-equivalence on all H-subrepresentations of R[U ] not just
on restrictions of G-subrepresentations, and likewise use a stronger notion of GR[U ]Ω-spectra.
This does not affect the stable equivalences, which are the π
R[U ]
∗ -isomorphisms. In the case
where R[U ] is a complete G-representation universe, the positive version of this stronger model
structure is used in [HHR16, B.4.].
Theorem 7.4 (Quillen equivalence to G-orthogonal spectra, I). The adjunction
L : GSpΣ
T
⇄ GSpO : U
is a Quillen equivalence for the GU -projective stable model structure on GSpΣ
T
and the (strong)
GR[U ]-projective stable model structure on GSpO.
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For the flat model structures, we let V be a G-representation universe with the property
that every finite dimensional G-subrepresentation sits inside a larger one which is isomorphic
to the linearization of a G-set. This gives rise to a G-set universe U(V) by taking an infinite
disjoint union of those G-orbits G/H for which R[G/H ] embeds into V . In particular, we have
R[U(V)] ∼= V .
Theorem 7.5 (Quillen equivalence to G-orthogonal spectra, II). The adjunction
L : GSpΣ
T
⇄ GSpO : U
is a Quillen equivalence for the GU(V)-flat stable model structure on GSpΣ
T
and the GV -flat stable
model structure of [Sto11, Sec. 2.3.3] on GSpO.
We note that in general a G-set universe U is not isomorphic to U(R[U ]) and if it is not, the
GU -flat model structure does not allow a direct comparison to one of the model structures on
G-orthogonal spectra. Nevertheless, it is still Quillen equivalent to one via a zig-zag through the
projective model structures. For example, taking U to be a free G-set universe, its linearization
is a complete G-representation universe and so U(R[U ]) is a complete G-set universe.
Proof of Theorem 7.4. In the (strong version of the) GR[U ]-projective level model structure on
GSpO, a map is a weak equivalence (fibration) if and only if it is a genuine H-equivalence
(H-fibration) when evaluated on all finite dimensional H-subrepresentations V of R[U ] for all
subgroups H of G. Hence, it follows directly from the natural H-homeomorphism X(RM) ∼=
(UX)(M) for every subgroup H of G and every finite H-set M (Lemma 7.3) that the forgetful
functor U is a right Quillen functor for the level model structures. In particular, the left adjoint
L preserves cofibrations. The stable model structure on G-orthogonal spectra is obtained by
a left Bousfield localization at the π
R[U ]
∗ -isomorphisms, with fibrant objects being exactly the
(strong) GR[U ]Ω-spectra, so the isomorphism of Lemma 7.3 also implies that U preserves fibrant
objects. By adjunction, this implies that L maps GU -projective G-symmetric spectra which
are GU -stably contractible to GR[U ]-projective GR[U ]-stably contractible G-orthogonal spectra.
Since both for G-symmetric spectra and for G-orthogonal spectra a projective cofibration is
stably acyclic if and only if its cofiber is stably contractible, this implies that L also preserves
stable acyclic cofibrations and hence is a left Quillen functor.
It remains to show that the derived functors are equivalences between the homotopy cat-
egories. Since a πU∗ -isomorphism is a G
U -stable equivalence (Theorem 3.36), we see that U
preserves all stable equivalences. In addition, as the underlying G-symmetric spectra of G-
orthogonal spectra are all GU -semistable (they allow πU∗ -isomorphisms to G
UΩ-spectra), Corol-
lary 3.37 implies that U also reflects all stable equivalences. This means that we can use criterion
[MMSS01, Lem. A.2.(iii)] and so it suffices to show that the derived unit of the adjunction is
a natural isomorphism in the stable U-homotopy category of G-symmetric spectra. Since both
model structures are stable and LL and RU preserve arbitrary direct sums, it suffices to check
that the derived unit is an isomorphism on the set of compact generators {G/H+ ∧ S | H ≤ G}
of the triangulated homotopy category. Because each G/H+ ∧ S is G-flat and U preserves all
GU -stable equivalences, this in turn is equivalent to checking that for each subgroup H of G the
non-derived unit ηG/H+∧S : G/H+ ∧ S → UL(G/H+ ∧ S) is a G
U -stable equivalence. But this
morphism is even an isomorphism, since both L and U take the sphere spectrum to itself and
commute with the smash product with based G-spaces. 
Proof of Theorem 7.5. The flat V-level model structure on G-orthogonal spectra of Stolz is
built in the same way as the one on G-symmetric spectra, replacing the families FG,ΣnU(V) by their
orthogonal analogs F
G,O(n)
V . The graph of a homomorphism H → Σn lies in F
G,Σn
U(V) if and only
if the graph of the composition H → Σn → O(n) lies in F
G,O(n)
V , so we see that pulling back
EF
G,O(n)
V along G×Σn → G×O(n) gives a model for EF
G,Σn
U(V) and it follows that U is a right
Quillen functor for the level model structures. From here on we can proceed as in the proof of
Theorem 7.4 above. 
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7.2. Quillen equivalence to Mandell’s equivariant symmetric spectra. Finally we com-
pare to Mandell’s definition of an equivariant symmetric spectrum. As mentioned in the intro-
duction, the underlying category depends on a choice of normal subgroup N and models the
equivariant stable homotopy category with respect to the N -fixed universe.
Definition 7.6 (Mandell, introduction of [Man04]). A GΣG/N -spectrum consists of a sequence
of based (G×Σn)-simplicial sets X(n× (G/N)) and structure maps σ
G/N
n×(G/N) : X(n× (G/N))∧
SG/N → X((n+ 1)×G/N) such that for all n,m ∈ N the iterate X(n× (G/N)) ∧ Sm×G/N →
X((n+m)× (G/N)) is (G× Σn × Σm)-equivariant.
The notation we used in the definition makes it clear how it relates to our version of G-
symmetric spectra: Every G-symmetric spectrum of simplicial sets X gives rise to a GΣG/N -
spectrum (which we denote by UG/NX) by only remembering the evaluations X(n × (G/N))
(together with the respective generalized structure maps) and restricting the (G ⋉ Σn×(G/N))-
action to the diagonal (G×Σn)-action. In fact, both categories are enriched functor categories
(cf. Section 2.4) and the functor UG/N comes from restriction along an embedding of the indexing
categories. Hence, there exists a left adjoint LG/N : GΣG/N → GSp
Σ
S given by enriched left Kan
extension.
For a normal subgroup N of G we denote by UG/N the G-set universe consisting of an infinite
disjoint union of copies of G/N . It models the N -fixed G-equivariant stable homotopy category.
Theorem 7.7 (Quillen equivalence to GΣG/N -spectra). For every finite group G and every
normal subgroup N the adjunction
LG/N : GΣG/N ⇄ GSp
Σ
S : UG/N
is a Quillen equivalence for the stable model structure of [Man04, Thm. 4.1] on GΣG/N and the
UG/N -projective stable model structure on GSp
Σ
S .
Proof. We first show that the adjunction is a Quillen pair. In the level model structure of
[Man04, Def. 3.1] the weak equivalences and fibrations are defined levelwise, so it follows that
the forgetful functor UG/N becomes a right Quillen functor for the UG/N -projective level model
structure on GSpΣ. The stable model structure ([Man04, Thm. 4.1]) is obtained via a left
Bousfield localization from the level model structure, so it has the same cofibrations and we can
deduce that LG/N preserves cofibrations. The fibrant objects of the stable model structure are
precisely those level fibrant X for which X(n×G/H) → ΩG/NX((n+ 1)×G/H) is a genuine
G-equivalence, so we see that UG/N also preserves fibrant objects. Via the same argument as in
Theorem 7.4 we deduce that the adjunction is a Quillen pair. In order to see that it is a Quillen
equivalence we consider the chain of Quillen adjunctions
GΣG/N
LG/N
⇄
UG/N
GSpΣS,UG/N ,proj
|.|
⇄
S
GSpΣ
T,UG/N ,proj
L
⇄
U
GSpO
R[U ],proj.
By [Man04, Thm. 10.2], the full composite is a Quillen equivalence. We already know that
the second and third adjunction are Quillen equivalences and hence so is the first. 
Appendix A. Technical lemmas
In this appendix we list several technical lemmas about the interplay of the families FG,ΣnU
for varying n and G, which we left out of the main text to shorten the exposition. The proofs
are all similar in style and rely on the following:
Lemma A.1. Let G be a discrete group with a normal subgroup K, X a cofibrant G-space
on which the normal subgroup K acts freely away from the basepoint and H a subgroup of the
quotient G/K. Then there is a natural homeomorphism
(A.1) (X/K)H ∼=
∨
[α:H→G]
X im(α)/(C(im(α)) ∩K)
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where the wedge is taken over a system of representatives of K-conjugacy classes of group ho-
momorphisms α : H → G lifting the inclusion H → G/K, and C(im(α)) denotes the subgroup
of elements commuting with the image of α.
Sketch of proof. Let α : H → G be such a group homomorphism and [h] ∈ H an element
represented by h ∈ G. Then h ·α([h])−1 maps to e under the projection, hence it lies in K. So if
x is an im(α)-fixed point ofX , then we have [h][x] = [hx] = [hα(h)−1x] = [x], so [x] is anH-fixed
point in the quotient. This shows that for each such α the composition X im(α) → X → X/K
lands in the H-fixed points and we obtain a map from the wedge of the X im(α) over all such
α to (X/K)H . Furthermore, two such summands only intersect in the basepoint, because the
K-action is free. The normal subgroup K acts on this wedge, an element k sends the subspace
X im(α) homeomorphically onto X im(kαk
−1) and so we obtain an injective map from the right
side of the expression A.1 to the left. On the other hand, given an element [x] fixed by H and
represented by x ∈ X , there is an associated homomorphism H → G sending [h] to k(h)−1 · h,
where k(h) is the unique element in K which satisfies hx = k(h)x. It is an easy check that this is
indeed independent of the chosen representative h, that it defines a group homomorphism lifting
the inclusion H → G/K and that x is an im(α)-fixed point. Hence, the map is also surjective
and that it is a homeomorphism follows from X being cofibrant. 
Lemma A.2. Let U be a G-set universe. Then for every FG,ΣmU -equivalence between cofibrant
(G×Σm)-spaces f : X → Y and every cofibrant (G×Σk)-space A, the map Σm+k⋉Σm×Σk (f∧A)
is an F
G,Σm+k
U -equivalence.
Proof. We let L be a subgroup contained in F
G,Σm+k
U . By Lemma A.1 above (applied to the
normal subgroup Σm×Σk of Σm+k×Σm×Σk), the L-fixed points of Σm+k⋉Σm×Σk (X ∧A) are
naturally isomorphic to a wedge of terms of the form ((Σm+k)+ ∧X ∧A)Γα/C(im(α)), where α
is a homomorphism L→ Σm×Σk, and it suffices to show that ((Σm+k)+∧f ∧A)Γα/C(im(α)) is
a weak equivalence for every such α. We show that ((Σm+k)+ ∧ f ∧A)Γα is a weak equivalence.
The action of C(im(α)) is free, so this gives the statement. Since L is contained in F
G,Σm+k
U ,
it is the graph of a homomorphism β : H → Σm+k for a subgroup H of G and for which the
associated H-set m+ kβ embeds into U . Composing with α gives two further homomorphisms
α1 : H → Σm and α2 : H → Σk with associated H-sets mα1 and kα2 . Hence, the Γα-fixed
points of Σm+k are given by the set of H-isomorphisms from mα1 ⊔ kα2 to m+ kβ . If mα1 does
not embed into U , then there cannot exist such an isomorphism, in which case both sides are
trivial and hence the map is necessarily a weak equivalence. If mα1 does embed into U , then f
induces an equivalence between the Γα1-fixed points of X and Y , since these are given by the
fixed points of the graph of α1 and f is an F
G,Σm
U -equivalence. Hence, the whole term is a weak
equivalence and we are done. 
The next lemma deals with the multiplicative norm NGHX for a based H-space X and a
subgroup inclusion H ≤ G. We will make use of the double coset formula
resGKN
G
HX
∼=
∧
[g]∈K\G/H
NKgHg−1∩Kc
∗
gres
H
H∩g−1KgX.
Provided that X also has a Σm-action commuting with the H-action, the norm N
G
HX has a
G⋉ (Σm)
G/H -action, with G acting on (Σm)
G/H via its action on G/H .
The H-universe we use is the full N -fixed one UH(N) for a subgroup N of H which is normal
in G.
Lemma A.3. Let n,m ∈ N and j : A→ B an FH,ΣmUH(N)-equivalence of cofibrant (H×Σm)-spaces.
Then (ΣG/H×m)+∧ΣG/Hm N
G
Hj is an F
G,ΣG/H×m
UG(N)
-equivalence. Here, the G-action is both through
NGH(−) and by precomposition with the inverse on ΣG/H×m.
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Proof. Again we have to show that for every homomorphism β : J → ΣG/H×m from a subgroup
J of G the Γβ-fixed points of (ΣG/H×m)+ ∧ΣG/Hm N
G
H j are a weak equivalence, provided that
the associated J-action on G/H × m embeds into UJ(J ∩ N), i.e., has J ∩ N in the kernel.
Using Lemma A.1 above for the normal subgroup Σ
G/H
m of ΣG/H×m × (G ⋉ Σ
G/H
m ), these
fixed points naturally decompose into a wedge with summands of the form ((ΣG/H×m)+ ∧
NGHj)
Γα/(C(im(α)) ∩ Σ
G/H
m ), where α is a group homomorphism J → G ⋉ (Σ
G/H
m ) lifting
the inclusion J → G. We again consider the map on fixed points before quotiening out by
C(im(α))∩Σ
G/H
m and show that it is a weak equivalence. Since G⋉Σ
G/H
m comes with an action
on G/H ×m, the map α also induces another action of J , which we denote by (G/H ×m)α.
Let g1, . . . , gk be a system of double coset representatives for J\G/H and Ji = J ∩ giHg
−1
i the
J-stabilizer of giH in G/H , in particular giH ×m becomes a Ji-set with the restricted action
through α. This gives us two things: A J-decomposition
(G/H ×m)α ∼=
⊔
i=1,...,k
J ⋉Ji (giH ×m)α|Ji
and an isomorphism
((ΣG/H·m)+ ∧ΣG/Hm N
G
HA)
im(α)) ∼= IsoJ ((G/H ×m)β , (G/H ×m)α)+ ∧
∧
i=1,...,k
(NJJires
H×Σm
Ji
A)J
where the last restriction is formed along the composition
Ji
(incl,α)
−−−−−→ giHg
−1
i × Σm
c∗g×Σm
−−−−−→ H × Σm.
The J-fixed points of a norm NJJi are isomorphic to the Ji-fixed points of the argument, so
the last smash product factor becomes (resH×ΣmJi A)
Ji . Now, if L ∩ N acts non-trivially on
(G/H ×m)α, the latter cannot be isomorphic to (G/H ×m)β and hence in that case the fixed
points are trivial on both sides and the statement is shown. On the other hand, if J ∩N does
act trivially on (G/H ×m)α, then each Ji ∩N acts trivially on (giH ×m)α|Ji . Hence the kernel
of α|Ji contains Ji ∩ N and so j induces a weak equivalence on (res
H×Σm
Ji
−)Ji . Thus, in that
case ((ΣG/H·m)+ ∧ N
G
H j)
Γα is a weak equivalence as the smash product of weak equivalences
between cofibrant spaces, which finishes the proof. 
In the final lemma we need the technical hypothesis that the isotropy of the G-set universe
U is closed under supergroups, i.e., that whenever an orbit G/K embeds into U , so does G/L
for all K ≤ L ≤ G. We note that if U has this property, then so do all restrictions of U to a
subgroup of G.
Lemma A.4. Let A be a cofibrant (G × Σm)-space for m > 0, n a natural number and U a
G-set universe whose isotropy is closed under supergroups. Then the map
(EFG,ΣnU )+ ∧Σn (Σn×m)+ ∧Σnm A
∧n → (Σn×m)+ ∧Σn≀Σm A
∧n
is an F
G,Σn×m
U -equivalence. Here, the Σn-action on (Σn×m)+ ∧Σnm A
∧n is both through An and
by precomposition on Σn×m, permuting the blocks of size m. G only acts through A
∧n.
Proof. We have to show that it induces an equivalence on all fixed points for graph subgroups
L ∈ F
G,Σn×m
U . Sincem > 0, the map Σn≀Σm → Σn×m is injective and so the wreath product acts
freely on both sides and we can apply Lemma A.1 above for the direct product (G×Σm×n)×(Σn ≀
Σm) with normal subgroup Σn ≀Σm. So we have to show that the map (EF
G,Σn
U )+∧ (Σn×m)+∧
A∧n → (Σn×m)+ ∧ A
∧n induces an equivalence on graph subgroups in H × Σn×m × Σn ≀ Σm
(where H is the projection of L to G) for homomorphisms (α, β) of which n+mα allows an
H-embedding into U . The wreath product Σn ≀ Σm acts on EF
G,Σn
U through the projection
to Σn, and hence the fixed points of such a graph subgroup on EF
G,Σn
U are contractible if β
followed by this projection to Σn defines an H-set structure on n which embeds into U , and
empty otherwise. Hence, we have to show that if this H-action on n does not embed into U ,
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then the fixed points on the right hand side are also empty. We claim that already the fixed
points on Σn×m are empty. As in the proofs before, a bijection in Σn×m is fixed under this
graph subgroup if and only if it is an isomorphism from the H-set structure on n×m via β to
the one via α. Since we assumed that α allows an embedding into U , we thus have to show that
if npr◦β is not H-embeddable, then neither is n×mβ . We decompose the H-action on Σn into
orbits N1, . . . , Nk, choose elements ni ∈ Ni and let Hi ≤ H be the stabilizer of ni. Then there
is an H-isomorphism
(n×m)β ∼=
⊔
i=1,...,k
H ⋉Hi (ni ×m).
By assumption, for one of the Hi’s the H-setH/Hi does not embed into U . So, since the isotropy
of U is closed under supergroups, H ⋉Hi (ni ×m) also does not H-embed into U (the isotropy
of an element can only be smaller) and hence neither does (n×m)β , and so we are done. 
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